Lecture 4

| ntroduction to Mean-V ariance

Efficient Portfolios

AIM OF LECTURE 4

Introduce the intuitive idea behind efficient portfolios

Formulate the optimisation problem in order to find efficient
portfolios

Learn how to differentiate with respect to vectors

4.1 MEAN-VARIANCE EFFICIENT PORTFOLIOS

Throughout this course we will concentrate on situations where investors care only about
mean and variance of returns. Remember from Lecture 3 that this is the case when either
returns on assets have jointly normal distribution or when individuals have quadratic utility
functions [Exercise 3.4]. From now on we implicitly rely on either of those assumptions, and
go on to study mean-variance efficient portfolios.

Remember from Lecture 1 that a portfolio is a vector of weights:
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Also, remember that the expected return on a portfolio is
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and the variance of return on a portfolio is:
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In Lecture 1 we calculated mean and variance of different portfolios. By varying the weights
potentially almost any pattern of return and risk can be obtained. We are most interested in
mean-variance efficient portfolios.

4.1.1 Mean-Variance I nefficiency

We will now give an example of a portfolio that is not mean-variance efficient. Consider two
portfolios, 1 and 2. The expected return and variance on the first is 10% and 50, respectively,
while the expected return and variance on the second is 8% and 100, respectively. That is,
E[R,]=10%, 0,=50, E[R,]=8%, and 0,°=100. Then clearly the second portfolio is mean-
variance inefficient. We can get both higher expected return, and lower risk, by investing in
portfolio 1 rather than in portfolio 2.

4.1.2 Mean-Variance Efficiency

Definition A portfolio p (with mean E[Iip] and variance sz) is mean-variance efficient
if either

(i) one cannot create another portfolio q with greater expected return than

p, and with no more variance than p (i.e. one cannot have E[Rq] >

E[Rp] and 0 )
or

(if) one cannot create another portfolio g with lower variance than p, and
with no less expected return than p (i.e. one cannot have o’ < ¢, and

E[R] 2 E[R)).

4.1.3 Finding Mean-Variance Efficient Portfolios

The definition suggests how to find efficient portfolios. Take the second part, (ii). Fix any
target level of expected return (say p, which could be 5%, 10%, or anything) and try to
arrange the portfolio weights so as to minimise the portfolio variance. This is a constrained
minimisation problem: the objective functionisw'y w, one constraint is E[Rp]>p, and the other
constraint is that the weights sum to one, i.e. w'1=1. Remember that E[R ]=u can be written

as W R>, where R is the vector of expected returns, [E[R]], E[Rz],..., E[Rn]] )
We write this problem as follows:

min w/3w
w

st. WR=p and w'l=1.
To solve the problem we write the Lagrangian
L = wBw+ Mp-wRH + y{1-wi!
and differentiate!

We must first be able to differentiate w') w, w'R,and w'1 with respect to w. This is the topic
of the next section!
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4.2 VECTOR DIFFERENTIATION
4.2.1 Differentiation of a Quadratic Form

We are after the gradient (denoted by [0) which is
[O(w'Zw)]
ow,
A(w'Zw)

Vw'Bw) = ow,

A(w'Zw)
ow,

The gradient is just the vector of derivatives of W) w with respect to each of the elements of
w, i.e. with respect to w;, w,, €etc.

The rule of differentiation tells us that:

V(w'Zw)

2w +XTw

(Z+2)w

Note that, since > is a variance-covariance matrix it is symmetric and therefore =5 " and
we have OW3Yw) = 2> w.

The derivation of the rule of differentiation is in the appendix to this lecture.

4.2.2 Differentiation of an Inner Product (Dot Product)

Differentiating an inner product, like WR, is easy:

Vw'R) = R

This can be seen as follows. We have WR = wjR+W,R,+.. +WwR+...4+W R
(In our application the elements of R are the expected returns, so R, is E[Iijj, etc.)

Then, AWR)/w, = R,,
and  AWR)Ow, = R,

and  dWR)ow, =R

and  dWR)ow, = R.
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These derivatives can be written in vector form:

d(w'R) F
ow, R,
dw'R) R,
VwR) = | ow, |= =R
d(w'R) R
aw, "

4.3 STUDY SUGGESTIONS

Make sure you remember the rules of differentiation for vector products (the one for a
guadratic form, and the one for an inner product), and that you understand why the rules look
like they do (by going through, step-by-step, the appendix to this lecture).

Make an attempt to solve the exercises that follow below!

4.4 NEXT TIME

Next time we will solve the minimum variance problem (applying the rules of differentiation),
and analyse the resulting mean-variance efficient portfolios.

Exercise 4.1

Exercise 4.2

Exercise 4.3

Exercise 4.4

EXERCISES
Find the derivatives with respect to x of the following:
(i) x'x
(i) X' Axx'Bx

where x is a nx1 vector, and A and B are nxn matrices.

What are the similaritied/differences between the differentiation in
Exercise 4.1, and the differentiation with respect to a scalar x of the
following:

(i) ¥

(i) ax’bx?

where a and b are constants (scalars)?

What are the implicit assumptions when formulating the portfolio-
variance minimisation problem? What are the information
requirements?

Formulate the minimum-variance problem when short-selling is not
allowed.
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APPENDIX

Proof of O(wW3w) = (>+> w

First we can postmultiply with the last vector
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and then premultiply with the first vector

W BW = W (OW, 1O, Wbt T, W w)

O W H0 Wy FH0 ) Wit T0y W,
2

+w, (02,1W1 +02w2+...+02,jwj+...+02,nwn)

2
W (o w +o]2w2+‘..+ojwj+...+oj’nwn)

2
+w, (On,1W1 tO, Wy T, Wit +o,w,)

We see that a portfolio weight enters twice. For example, w; enters multiplied by
0, W, 0, W, +...+0°W+...+0; W,,, and it also appears in each line (i.e. in the first line it is

multiplied by o;, and by w;, in the second line it is multiplied by o;, and by w,, and so on).

Taking the derivative with respect to w; gives

Iw'Bw + +..+ +.. + + +...+ 2+
P = (oﬂw1 )W, g; w ojﬂnw”) (W101,,~ W,0, .. W0, wnow)

J

Notice that this can be written as the j™ row of X times w plus w' times the j"™ column of .
Taking derivatives with respect to w,, W,,...,w, in turn gives:

oWy w)/ow, = 1% row of X timesw + w' times 1% column of X.
6(vv’zw)/aw2 = 2“d row of > timesw + vv’ times 2™ column of >.

6(vv’zw)/aw = nth row of > timesw + V\/ times n™ column of 3.
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Notice that the first term of each row on the right hand side can be obtained by
postmultiplying Z with w (then each of the rows of X~ will be multiplied by w). The result is
a column vector. The second term of each of the rows on the right hand side can be obtained
by premultiply by w' (then each of the columns of Z will be multiplied by w). However the
result is a row vector. To write it as a column vector we need to transpose it.

Then we can write
O(w'EwW)]
awl

d(w'Zw)
ow, |=Zw+w'B)

d(w'Zw)
aw,

The left hand side is the gradient O(w') w). The transpose of w'Z is Y 'w. Then we have
OW3w) = 2wty 'w=(3+3)w. QED



