1 Logics and Proofs

1.1 Logical Notations and Their properties
1.1.1 Notations
e p, ¢ : propositions (sentences)
e —p : negation of p (It is not the case of p.)
e pAg:pandq
e pVg:porgq
e p=>q=-—pVgq:Ifp, then q.
— ponly if g.
— p implies q.
— p is sufficient for q.

— q is necessary for p.

peqg=(p=q9 AN(g=p):pifand only if ¢q. (piff q)

— To show p < ¢, we have to show both p = ¢ and ¢ = p.

1.1.2 Truth Table

e Negation:

e Conjunction:

Remark 1 p A —p is always false.

e Disjunction:

b
T
T
F
F
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e Implication:

p qlp=q
T T|T
T FI|F
F T|T
F T|T

1.1.3 Properties

—(-p) =

(p/\Q) -pV —q
—(pVag)=-pA—q
e —(p=q =pN—q

e p=q=—q= —p (contrapositive of p = ¢)

1.1.4 Quantifiers
e V: universal quantifier (“for every” quantifier)
e J: existential quantifier (“there exists” quantifier)

e dlx : There is exactly one x such that ....

Negation of a proposition with quantifiers
o —(Va,p(x)) = 3z, p(x)
o —(3z,p()) =V, —p(x)
o —(Vz,3y,p(x,y)) = 3z, Yy, —p(z,y)
Note: (Va,Jy,p(x,y)) and (Jy, Va, p(z,y)) are different.

1.2 Proofs
1.2.1 Direct Proof

To show: p = ¢
Proof.
p=>p1=>p2=..=>(q

Example 1 If m is and even integer, for any integer p, mp is an even integer.



1.2.2 Indirect Proof (Proof by Contradiction)

To show: p = ¢
Proof.
Suppose —(p = ¢q). (i.e., (p A —q) is true.)
(pA—q)=..= —p.
That is, (p A —p) is true. Contradiction

Example 2 Let a be an integer. Show the following statement: a2 is odd= a
is odd.

1.2.3 Mathematical Induction

Consider a sequence of statements indexed by the natural numbers: p1,ps, ..., pn, ----

To show: p,, is true for all n = 1,2, ...
Proof.

(1) p1 is true.

(2) If py, is true, then pgyq is true.

Example 3 Show1+2+ - +n=3n(n+1).



2 Sets, Functions, and Numbers

2.1 Sets
2.1.1 Basic Notation
o A:set

— a € A: ais an element of A.

— a ¢ A:aisnot an element of A.

e Examples:

N = {1,2,3,..}
z ={ ..,—-2,-1,0,1,2,...}
Q = {ngzp,quandq#O}
R :  the set of all real numbers
Ry = {zeR:z>0}
Riy = {zeR:z>0}
¢ : empty set (the set having no elements)

e ACB ﬁc Va € A,a € B (Every element of A is also an element of B.)
ae

e A=1B ﬁACBandBCA
ae

. AgBﬁACBandA;éB.

2.1.2 Binary Operation of Sets

e Union:
AUB={z:x€Aorz € B}

e Intersection:
ANB={z:x € Aand z € B}

Definition 1 If AN B = ¢, A and B are disjoint.

e Difference:
A\B={z:x€ Aand x ¢ B}

— Complement:

X universal set

A = X\A



Properties
1.

ANA=AAUA=AAU¢p=AAN¢=o.

2. Commutative laws:

ANB BNA;
AUB = BUA.

3. Associative laws:

4. Distributive laws:

AN(BUC) = (ANB)U(ANO);

(AUB)N(AUC

(ANB)N(A\ B) = ¢.

6. DeMorgan’s laws:

)

A\ (BUC) = (A\B)N(A\C);

A\ (BNC)

(A\ B)U(A\C).

Note: If A =X (universal set), then DeMorgan’s laws imply

(BUO)E B°NCe
(BNC)® = B°UCS

Notations

e For a sequence of sets, Ay, As, ..., Ay, ...,

n

UAi = {x:x€ A forsomei=1,2,..

D
=
I

>
il

{z :x € A, for some i € N};

{z:2 € A, for all i € N}.

8
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,n};

{r:ze A foralli=1,2 ...,n}



2.2 Functions

Definition 2 f is a functions from a set A to a set B, if f assigns a unique
point f(x) € B for eachx € A. (f: A— B)

e Given a function f: A — B,
Definition 3

D(f) = A isthe domain of f; and
{ye B:3x € Ajy= f(x)} is the range of f.

=
=
|

Definition 4 Given a set C C A, the image of C under f is defined by
fC)={yeB:Ire Ay= f(x)}.
Definition 5 Given a set EE C B, the inverse image of E under f is defined by
fTiE)={zreA:3ycEy=f(z)}
Definition 6 A function f is said to be onto if Yy € B,Ja € A, f(x) = y.

Definition 7 A function f is said to be one-to-one if Vx,x' € A,z # 2’ =

fx) # f(@).
Definition 8 Given f: X - Y andg:Y — Z, go f: X — Z is defined by

go f(x) =g(f(z)).

2.3 Real Numbers

e R : the set of all real numbers

— R includes both rationals and irrationals.

Given z € R,

2] = zif 2>0
AT —zifz <0

Properties: Given z € R,
(i) |2 > 0if z#0; and
lz| = 0ifz=0.
(ii) |az| = |a|l|z|,Ya €R.
(i) |z+w|] < 2]+ |w|

e Euclidian distance between x and y in R: |z — y|



e Properties: Given =,y € R,

() [c—yl > 0 and
lt—yl = 0ez=y.

(i) =yl = |y—af.

(iii) le—y] < |z—zl+|z—y|,VzeR.

2.4 n-Dimensional Euclidian Space

e Cartesian product of A and B:

AxB = {(a,b):a€ Abe B};
HAL = {(alaaZa '~'aan) ta; € A“Z = 1a2a 7n}
i=1

e R"=RxRx--xXxR={x=(21,22,....,%n) : 2; ER,i=1,2,...,n}
—_—

n

e Notations: For z,y € R™ and a € R,

r+y = (v1+y,T2+ Y2, Tn + Yn);
ar = (ax1,ars,...,aTy);
x = yifa; =y foralli=1,2,...n;
r > yifx; >y foralli=1,2,...,n;
x > yife; >y foralli=1,2,...,n, and x # y;
x > yifa; >y foralli=1,2,...n;
R? = {xeR":z >0}
RY, = {zeR":x>0}

2.4.1 Inner Product, Norm, and Metric in R"

For z,y € R",

e Euclidian inner product:

n
Tr-y= Z:L‘Zyz
=1



e Euclidian norm of z:

n 1/2
ol = o - 2] /2 = (ch3> |
=1

Theorem 1 (Cauchy-Schwartz Inequality) For any x,y € R",
|z -yl < [l [lyll -
Theorem 2 For xz,y € R" and a € R,

(i) |z = 0; and

|lz]] = 0 z=0.
(ii) |lox|| = |||
(i) [lo =yl < [zl +llyll

e Fuclidian Distance in R™:
d(z,y) = [lz -y

Theorem 3 For x,y € R™,

(i) d(z,y) > 0; and
dlz,y) = 0 x=y.
(ir) d(z,y) = d(y,z).
(ii) d(z,y) < d(z,2) +d(2,9).



3 Sequences

3.1 Sequences and Limits
Definition 9 A sequence in R™ is a function f: N — R™.

Definition 10 A sequence {x)}converges to x (zr, — x) if d(zg,x) — 0 as
k — oo (i.e., Ye > 0,3IN(e) € N:Vk > N(e),d(zk, ) < €).

Theorem 4 A sequence have at most one limit.

Definition 11 A sequence {xy} is bounded if IM € Ry : |jzg]| < M Vk =
1,2, ..

Theorem 5 FEvery convergent sequence in R™ is bounded.
e Note: There is a bounded sequence which does not converge.

— Example: x;, = (-1)* k=1,2,....

Theorem 6 z; — z in R" & 2t — 2! for alli=1,2,...,n.
Theorem 7 Let x;, — x. Then,
a<xzp<bforalk=12.=a<x<bh

e Note: For a convergent sequence x — x, it is possible that a < z, for
allk=1,2,..., but a = z.

3.2 Subsequences and limit points

Definition 12 Given a sequence {xy}, consider a strictly increasing function
K :N — N. Then, the sequence {T g (m)}m—y 15 called a subsequence of {x}}.

Definition 13 If a subsequence of {xy} converges, the limit of the subsequence
is called a limit point of {xy}.

e Note: A sequence may have multiple limit points.

Theorem 8 {x} converges to x < Every subsequence of {x} converges to x.



3.3 Cauchy Sequences and Completeness

Definition 14 A sequence {xy} satisfies the Cauchy criterion if Ve > 0,3N(e) €
N:Vm,l > K(e),d(zm, ;) <.

Definition 15 A sequence that satisfies the Cauchy criterion is called a Cauchy
sequence.

Definition 16 Two Cauchy sequences {1} and {yi} are equivalent if Ve >
0,3N(e) e N:VEk > N(e),d(zk, yr) < e

Theorem 9 Suppose {xi} and {yr} are equivalent Cauchy sequences. Then,
Tp = T =Yk — Y.

e Note: The real number system R is the set of all “limits” of Cauchy
sequences of rationals. (Each element in R is the limit of some Cauchy
sequence of rationals.)

Theorem 10 {z} in R" is a Cauchy sequence < {zi} in R is a Cauchy
sequence for alli=1,2,...,n.

Theorem 11 {z;} in R™ is a Cauchy sequence < {xy} is a convergent se-
quence in R™.

Corollary 1 {z1} in R" is a Cauchy sequence= {xi} is a bounded sequence.

Definition 17 S is a complete space if every Cauchy sequence in S converges
to an element in S.

Corollary 2 R™ is complete.

3.4 Suprema, Infima, Maxima, and Minima

Let A be a nonempty set in R.
e The set of upper bound of A :
UA)={ueR:u>a VYac A}

e The set of lower bound of A :

LA)={leR:l<a Yac A}

10



A is called bounded above if U(A) # ¢.
A is called bounded below if L(A) # ¢.

A is called bounded if A is both bounded below and above.

The least upper bound of A (supremum of A):
supA={a*€U(A):a*<u YueU(A)}.

The greatest lower bound of A (infimum of A):
infA={aeL(A):a>1 VieL(A)}.
e Maximum of A :

maxA={z€A:z2>a Vaec A}

e Minimum of A :

mnA={weAd:w<a VacA}

Theorem 12 Suppose sup A is finite. Then,
Ve>0,da € A:a>supA—e.
Theorem 13 (Least Upper Bound Property)

UA) # ¢=>TFa"€U(A):a" <u VYueU(A);
L(A) # ¢=FaeL(A):a<l VleL(A).

Theorem 14 (Archimedian Property)
z,yeRx>0=3IneN:nx >y.

e Note: Taking y = 1, this theorem implies the following: For any (small)
x, we can find a (large) natural number n such that z > +.

Theorem 15 (Denseness of Rationals) Any real number can be approxi-
mated by a rational number:

1
VazeR,VazeN,HyeQ:|azfy|<E.

11



3.5 Monotone Sequences in R

Definition 18 {zy} in R is a monotone increasing sequence if xx1 > xy for
all k € N.

Definition 19 {z} in R is a monotone decreasing sequence if xp+1 < xy for
all k € N.

Definition 20 {z;} inR diverges to oo if Vp € N, 3K (p) € N:Vk > K(p), z1 >
.

Definition 21 {zy} in R diverges to -co if Vp € N,IK (p) € N : Yk > K(p), x), <
—p.

e Note:
{zx} diverges :t {zx} is unbounded

Theorem 16 Let {x;} be a monotone increasing (decreasing) sequence in R.
Then, (i) if {xi} is unbounded, it diverges to oo (—o0); and (i) if {xr} is
bounded, it converges.

3.6 Lim Sup and Lim Inf

e +0o is allowed as “limit points” of a sequence.

Definition 22 Given a sequence {xy},

lim sup zr, = lim ag
k—oco k—o0
where ay, sup{ g, Tp+1, .-}
Sup x??b?
m>k
and
lim inf 2, = lim b
k—oo k—oo
where by, = inf{zg, xpi1,...}
inf x,,.
m>k

12



Theorem 17 Let {x1} be a sequence in R. Then, there exist subsequences
{zk@m)} and {zgi(m)} of {xx} such that

Tg(m) — lim sup xx asm — oo; and

k—o00

TRi(m) — lim}crégxk as m — oo.

Theorem 18 Let A be the set of all limit points of {x}} (including oo if {x}}
has divergent subsequences). Then,

limsupzr = supA; and
k
limi%f = inf A.
Theorem 19

T — x < lim sup zp = lim inf x, = x.
k—o0 k—o0

3.7 Series

e Given {z;} in R, we can define another sequence by
n
k=1
e If S, converges to S, we write
o0 n
S = Zazk = nlirr;OZxk
k=1 k=1

o If x;, > 0 for all k, then {S,} is monotone increasing.

13



4 Basic Topology

4.1 Open Sets and Closed Sets
4.1.1 Definitions

e Consider R™ with the Euclidian distance d(z,y) = ||z — y|| .

Definition 23 (Open Balls) Let x € R™. The open ball B(xz,r) with center
x and radius v > 0 is defined by

B(z,r)={y e R" : d(x,y) < r}.
Definition 24 (Open Sets) A set S € R™ is called an open set if
Ve e S,3r >0: B(z,r) CS.

Definition 25 (Closed Sets) A4 set S € R™ is called an closed set if S¢ =
R™\ S is open.

Theorem 20 FEvery open ball is open.

Theorem 21 S C R"™ is closed < for all convergent sequences {xy} in S,z —
x € 8. (The limit lies in S.)

e Note: There is a set which is neither open nor closed.

— Example: [0,1) in R is neither open nor closed.

4.1.2 Properties
Let A be a set and (Gy)aca be a collection of sets in R™.

o If G, is open for all a € A, then | J 4 G is also open.

e If G, is closed for all o € A, then ﬂaeA G, 1s also closed.
Now suppose A is a finite set: 4 ={1,2,3,...,n}.

e If G; is open for all i = 1,2,...,n, then ;_, G; is also open.

e If G, is closed for all i = 1,2, ...,n, then |J]_, G; is also closed.

14



4.1.3 Closure of Sets

Definition 26 Given a set A C R™. The closure of A (write A), is the inter-
section of all closed sets containing A :

A = mF,

FeF
where F = {F CR":ACF and F is closed}.

Theorem 22 For any set A C R™, A is closed. (The closure of a set is closed.)
e The closure of A is the smallest closed set containing A.
Theorem 23 Let A C R™. Then,
A=As Ais closed.

Theorem 24 Let A be a nonempty subset of R. If A is bounded above, then
sup A € A.

Theorem 25 Q =R

4.2 Compact Sets

Definition 27 A set K is compact if every sequence {x} in K has a convergent
subsequence{xy(m)} such that xym) — v € K.

Example 4 Any finite set in R™ is compact.

Example 5 K = {1 :n € N} is not compact.

Theorem 26 FEvery compact set in R™ s closed.
Theorem 27 Every closed subset of a compact set is compact.

Theorem 28 If FF C R™ is closed and K C R"™ is compact, then F N K is
compact.

Theorem 29 Let S; and Sy be both compact in R™. Then,
S14+ .5 = {33‘ eR”:x =T +x2,71 € Sl,.’L‘g € SQ}

is also compact.

Theorem 30 Let K C R™. Then,

K is compact < K is closed and bounded.

15



4.3 Connected Sets

Definition 28 Let A and B be subsets of R™. A and B are said to be separated
! ANB=¢ and BN B = ¢.

e A=(0,1) and B =[1,2) are not separated.

e A=(0,1) and B = (1,2) are separated.

Definition 29 E C R" is said to be connected if E is not a union of two
nonempty separated sets.

e Any interval in R is connected.

Theorem 31 E C R is connected < [r € E,y € E,x <z <y =z € E].

Theorem 32 R" is connected.

4.4 Convex Sets

T1,T2,..., T € R"

° 2= Zle Aix; with Zle Ai=1land \; >0 foralli=1,....k, is called a
convex combination of (z1,...,zx).

Definition 30 S C R"™ is convex if the convexr combination of any two points
in S is also lies in S :

Ve,y € S,Va € [0,1],az + (1 —a)y € S.

Theorem 33 {S,}aca is a collection of convex sets in R™ = NyeaSy is also
convez.

Theorem 34 If S| and So are convex, then S1 + S is also convex.

16



5 Continuity

5.1 Continuous Function

f:8—-T, ScR",TcCR

Definition 31 A function f is continuous at x if Ve > 0,36 > 0: Vy € S with
d(z,y) <6 =d(f(), f(y)) <e.

Definition 32 f is continuous on S if f is continuous at all x in S.

Theorem 35 f is continuous at © < [x, — x = lim,, ., f(z,) = f(x)].

e Elementary functions: The following functions are all continuous.

flz) = azr, a€R
flx) = 2% a«a€elR
flx) = o, «a€eR
fl) = log,z, a€eR
f(x) = sinx,cosz,tanx

Theorem 36 Given two functions f : X — Y and g :Y — Z. If f is
continuous at x € X and g is continuous at f(x) € Y, then go f is continuous
at .

Theorem 37 Given two functions f : X — Y and g : X — Y. If both
functions are continuous at x € X, then f+ g and f - g are both continuous at
x.

e Example: Continuous function from R™ to RE.

— f(z,y) = (22 + y, 2 + 3y) is continuous at (a,b) € R? for any a and
b.

Theorem 38 Let f1, fo, ..., fi be functions from R™ — R and let f be the func-
tion from R™ to R! defined by

f(@) = (fi(@), f2(2), s fr ().

Then, f is continuous at x < each f; is continuous at x.

17



Theorem 39 A function f is continuous at x < for any open set V. .C R! with
f(x) €V, there exists an open set U C R™ such that x € U and f(z) € V for
allzeUNS.

Definition 33 Suppose X C R™. A subset E of X is open relative to X if
E =X NG for some open subset G in R™.

Corollary 3 Let f be a function from S C R™ to Rl. Then, f is continuous
on S < for any open set V CR!, f~1(V) ={x € S: f(x) € V} is open relative
to S.

Corollary 4 Let f be a function from S C R™ to Rl. Then, f is continuous
on S & for any closed set C C R!, f~YC) = {x € S : f(x) € C} is closed
relative to S.

e Notation:
1'[“ =
I 1 f(y) a2

Ve > 0,36 >0 st dz,y) <d=4d(q,f(y)) <e

5.2 Continuity and Compactness
f:R* - R!

Theorem 40 Suppose f is continuous. Then, X CR™ is compact = f(X) is
compact.

Theorem 41 (Weierstrass Theorem) f:S — R, S CR". If f is continu-
ous on S, and if S is compact, then there exist points p,q € S such that

flp) = sup f(x) = max f(z)

z€S z€S
flg) = inf f(z) = min f(z)

18



5.3 Continuity and Connectedness
f:R* - R!

Theorem 42 Suppose f is continuous. X C R™ is connected = f(X) is
connected.

Theorem 43 (Intermediate Value Theorem) f : [a,b] — R. If f is con-
tinuous on [a,b] and if there exists ¢ with f(a) < ¢ < f(b), then there exists a
point x € [a,b] such that f(z) = c.

e Note: The intermediate value theorem implies the following statement
(Fixed Point Theorem):

For a continuous function f from [a, ] to R, define g(x) = f(x)—x. Then,

dzi,z2 € [a,b]: @1 > x2,9(x1) >0 and g(z2) <0
= dz € (x1,22):9(@) =0, (ie, f(T) =172).

19



6 Differentiation

6.1 Differentiation of a Function from R to R
fi(a,b) = R

Definition 34 A function f is differentiable at x € (a,,b) if lims_,, f0)=f(z)

- t—x
exists.

Definition 35 If f is differentiable at x, we call lim;_,,, ﬁi%ﬁl the derivative
of f at x and write f'(x).

Theorem 44 If f is differentiable at x € (a,b), then f is continuous at x.

Theorem 45 Let f : (a,b) — R and g : (a,b) — R be both differentiable at
x € (a,b). Then, f+g, f-g, and *5 are all differentiable at x.

Theorem 46 Let f : (a,b) — R be continuous in (a,b) and differentiable at
x € (a,b). Let g: f((a,b)) — R be differentiable at f(x). Then, the function
h(z) = g(f(x)) is differentiable at x and the derivative of h at x is given by

e Note: If a function f : (a,b) — R is differentiable in (a,b), then f’ is
also a function from (a,b) to R. If f’ is continuous on (a,b), we call f is
continuously differentiable (or f is C1).

6.2 Mean Value Theorems
f:S—R, SCR".

Definition 36 = € S is a local maxzimum (minimum) of f if 36 > 0 such that
Vy € S with d(z,y) <6, f(y) < (=)f(@).
fila,b] = R

Theorem 47 If f has a local mazimum at x € [a,b] and if f'(x) exists, then

f'(x) = 0.

20



Theorem 48 (Rolle’s Theorem) Let f be continuous onfa,b] and differen-
tiable on (a,b). If f(a) = f(b) =0, then Iz € (a,b) such that f'(x) = 0.

Theorem 49 (The Mean Value Theorem) Let f be continuous on [a,b] and
differentiable on (a,b). Then, Iz € (a,b) such that

f®) = fla) = f'(2)(b - a).

e Note:
f)=fla) = f(z)(b-a)
<
e Note:

If f(a) = f(b) =0, the Mean Value Theorem implies
7'() =o0.

Theorem 50 (Cauchy Mean Value Theorem) Let f : [a,b] — R and g :
[a,b] — R be both continuous on [a,b] and differentiable on (a,b). Then, Iz €
(a,b) such that

e Note:
If g(x) = x, then Cauchy Mean Value Theorem implies
f'(@)(—a) = (f(b) — f(a)).
Corollary 5 Let f: (a,b) — R be differentiable in (a,b). Then,

(1) f'(x) > 0,Vz € (a,b) = f is monotonically increasing in (a,b);
(ii) f'(x) = 0,Yx € (a,b) = f is constant in (a,b);
(iii) f'(x) < 0,Vx € (a,b) = f is monotonically decreasing in (a,b).

6.3 L’Hospital’s Rule

Theorem 51 Let f: (a,b) — R be differentiable in (a,b) and g : (a,b) — R be
differentiable in (a,b) with ¢’(z) # 0 for all x € (a,b). (Note: —oc0o < a <b<

00.) Suppose ;:8 —Aasz—a. If f(x) =0 and g(x) > 0 as x — a, or if
g(x) = 4o0(—0) as x — a, then

1 (@) — Aasx — a.

g (x)

21



6.4 Higher Order Derivatives and Taylor’s Theorem

Definition 37 Let f: (a,b) — R be differentiable in (a,b). If f': (a,b) = R
is differentiable at x € (a,b), we denote the derivative of f’ at x by f"(x) and
call it the second order derivative of f at x. Similarly, we can define the nth
order derivative of f at x and denote it by f™(z).

Theorem 52 (Taylor’s Theorem) Let n € N and let f : (a,b) — R be a
function such that f*=Y is continuous on (a,b) and fUV(t) exists for every
t € (a,b). Then, for any o, 3 € (a,b), there exists v € (a,b) such that

" am (n—1) a
# f2(' )(Ba)2+"'+f(n_1<)!)(ﬂa)n_1+

ARG))

n!

f(B) = fla)+ (B—a)+

6.5 Differentiation of Functions from R” to R
f:S—R,ScR"
Definition 38 f is differentiable at x € S if there exists an | X n matriz A such
that

)~ @)~ Ao

y—w ly — =l
The matriz A is called the derivative of f at x and denoted Df(x).

Theorem 53 Let f : R® — R! be differentiable at x € R™ and g : Rt — R™ be
differentiable at f(x) € R™. Then, go f is differentiable at x and

D(go f)(x) = Dg(f(z))Df ().

Theorem 54 Let f = (f1,..., fi) and f; : R® = R. f is differentiable at x < f;
is differentiable for alli=1,2,...,1.

6.6 Partial Derivatives and Differentiability
6.6.1 Partial Derivatives

f:S—-R, SCR".

22
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e Define e; € R" :

e; =] 1 | < jth component

0
Definition 39 The j-th partial derivative of f exists at x if
[z +tej) — flx)

lim
t—0 t
exists and denote 5 .
a$j t—0 t

Theorem 55 f is differentiable at x = all partials % ezist at x and

_(9f of
Df@) = (@) 5 0)).
e Note: f is differentiable z f has all partials.

Theorem 56 If all partials of f exists at x, and f is continuous at x, then
Df(x) exists and
of of

Df(z) = <6:v1 @)1 (x)) .

6.6.2 Directional Derivatives
f:S—=R, SCR".

Definition 40 The directional deriwative of f at x in the direction h (with
Ih]l = 1) is defined as

e Note: When the condition ¢t — 40 is replaced with ¢t — 0, we obtain “two-
sided directional derivatives”, and the two-sided directional derivative of
f in the direction h = e; is equal to the jth partial derivative of f.
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6.7 Higher Order Derivatives of Functions from R" to R
o f:S—R, SCR"isopen

e If f is differentiable in S, then the derivative

_(of of
Df<8$1,...,8xn>

is a function from S to R™.
o If % is differentiable, we can denote the partial of % in the direction e;
82
at x by _Laxjaxi (z).

e If Df is differentiable, the second-order derivative of f at x is

2 2 E
%%(z) e 01:81817,, (1’)
D*f(z) = : Hessian matrix of f at x.
2 E 2
631,6@ (l‘) e g_x%(x)

2
e When OTQ(‘)% : S — R is continuous for each 7 and j, we say that f is
iOTj

twice continuously differentiable or f is C2.

Theorem 57 f is C? = D?f is symmetric, i.c.,

82 f 82 f

6$i6$j )= 8%6:52

(x), for alli,j and for all z € S.

Theorem 58 (Taylor’s Theorem in R™)

(i) fisC* =
fly) = fl@)+Df(x) (y—z)+ Ri(z,y),
where lim Ba(z,y) = 0

v [y — 2]

(ii) f is C? =
fo) = F@)+ DI (o) + 5l - 2) D) (g - 2) + Rola)

where lim Ra(2,y) = 0.

v [ly — 2]
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6.8 Homogeneous Functions and the Euler Theorem

6.8.1 Homogeneous Functions

fR*" =R

Definition 41 A function f is homogeneous of degree r € R if for any t > 0
we have f(txy,txy, ..., tx,) =t"f(x1, ..., xy).

e f(z1,22) = £t is homogeneous of degree 0.

e f(x1,x9) = x1x9 is homogeneous of degree 2.

Theorem 59 If f(x1,...,2,) is homogeneous of degree r and differentiable in
R™, then for any i = 1,2,...,n, the i-th partial derivative

of

:R*" - R
8$i -

is homogeneous of degree r — 1.

Theorem 60 f is homogeneous of any degree and

f(xly ~~~7xn) = f(xlla ’:L'/n)

Then,
ftwy, .. txy) = f(t), ... tx)).

Definition 42 A level set of a function is the set {x € R™ : f(x) = k} for some
keR.

Theorem 61 Let f be homogeneous of degree r. Then, the slope of the level
sets of f is unchanged along any ray through the origin.

6.8.2 Homothetic Functions

Definition 43 Let f be homogeneous of degree r and h be a increasing function
from R to R. Then, ho f is called a homothetic function.

e h(y) = logy and f (x1,22) = z1x2. Then, ho f(x1,22) = log(z1x2) is
homothetic but not homogeneous.

Theorem 62 The family of level sets of ho f coincides with the family of level
sets of f.

Theorem 63 For any homothetic function, the slope of the level sets is un-
changed along rays through the origin.
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6.8.3 Euler’s Formula
Theorem 64 (Euler’s Formula) f(z1,...,z,) is homogeneous of degree r and

differentiable. Then, at any & = (Z1,...,Tn) € R,

i: 8f (i‘l, ...,i‘n) _

2 oz, T, =rf(Zq1, ..., Tn).
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7 Integral

7.1 Definitions and Existence

Definition 44 Given [a,b]. A partition P of [a,b] is a finite set of points
{zo, @1,y Tp}, wherea = a9 <z < -+ <, =b.

o Axy=a; — a1

e f:[a,b] — R, bounded function

Definition 45 (Rieman Integral) Given a partition P. Let

M; = sup{f(x):z;1 <z <z}
m; = inf{f(x):z;_1 <z <}

UWPf) = i:MiAzci;
i=1
LPS) = Y m
i=1
fdx = irlgf{U(P,f) : P is a partition of [a,b]}: upper Rieman integral;
fdxz = 51113p L(P, f): P is a partition of [a,b]}: lower Rieman integral.

—b
Iffafdx :igfdzc, we say that f is Rieman integrable on [a,b], and write f € R.

Denote , . ,
/a fdazz/afdaz (/ fd:v).

e Note: f is bounded = ¢ < f(x) < d for any = € [a,b]. Thus, for any
partition
cb—a) < L(P, f) <U(P, f) <d(b—a).

Definition 46 (Rieman-Stieltjes Integral) Let o be a monotonically increas-
ing function on [a,b]. Given a partition P,

Aa; = a(z;) — alx;—1) > 0.
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For any bounded function f, define

U(P, f,a) = ZMZA%‘;
i=1

L(P,f,a) = Y miAay;
i=1

fda = i%fU(P, fya);
fdao = supL(P, f,«).
P

—b
If [ JJda = i b fdo, we say that f is integrable with respect to a and write f €

R(«) and denote
b

b —
/ fda = / fda.
e Example of a(z): Distribution function

a(z) = F(z) = Pr[z < z].

Definition 47 f : S — R, S ¢ R™.  f is uniformly continuous on S if
Ve > 0,36 > 0 such that d(z,y) < 6 = d(f(x), f(y)) < e.

e f(z) = 22 is not uniformly continuous on R.

Theorem 65 If f is continuous on a compact subset X of R™, then f is uni-
formly continuous on X.

Lemma 66 f € R(a) on [a,b] if and only if for any € > 0 there exists a
partition P such that
U(P,f,()é) 7L(P7f7a) <e.

Theorem 67 If f is continuous on [a,b], then f € R(«) on [a,b].

Theorem 68 If f is monotonic on [a,b] and « is continuous on [a,b], then
feR(a) on [a,bl.

Theorem 69 If f is bounded on [a,b], f has only finitely many points of discon-
tinuity on [a,b], and « is continuous at every point at which f is discontinuous,
then f € R(a) on [a,b].

e Note: The following function is not (Riemann) integrable:

1 if x is rational

flz) = { 0 otherwise
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7.2 Properties of Integral
Theorem 70 f1, fo € R(a) on [a,b] = f1 + f2 € R(«) on [a,b] and

/ub(ﬁ + fo)da = /ub firda + /{Lb fada.

Theorem 71 f € R(«) on [a,b] and c € R = ¢f € R(«) on [a,b] and

/cfda:c/fda.

Theorem 72 fi(x) < fo(z) for all x € [a,b] = fab frda < ff fada.

Theorem 73 f € R(a) on [a,b], a <c<b= fab fda = [7 fdo+ fcb fda

Theorem 74 f € R(a1) and f € R(az) on [a,b] = f € R(aq + a2) on [a, b]

and , \ \
[ fatar +an) = [ gdar + [ fia,

Theorem 75 f € R(«a) on [a,b] and c € R = f € R(ca) on [a,b] and

/ab fd(ca) = c/ab fda.

Theorem 76 Assumea’ € R on[a,b]. Then, f € R(«) if and only if fo! € R.

In that case
b b
/ fda :/ f(x)d/ (z)dz.

Theorem 77 (Change of Variable) Suppose ¢ is a strictly increasing con-
tinuous function that maps an interval [A, B] onto [a,b]. Suppose f € R(«) on
[a,b]. Define 8 and g on [A, B] by

Bly) = aley));
9(y) = [fle()).

/ABgd/B/abfda.

Then, g € R(B) and
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7.3 Fundamental Theorem of Calculus

Theorem 78 f € R on [a,b]. Fora <z <b, put F(z)= [’ f(t)dt. Then, F
is continuous on [a,b]. Furthermore, if f is continuous at zo € [a,b], then F is
differentiable at xo and F'(xg) = f(x0).

Theorem 79 (The Fundamental Theorem of Calculus) f € R on [a,b].
If there exists a differentiable function on [a,b] such that F' = f, then

b
/ fdz = F(b) — F(a).

Theorem 80 (Integration by Parts) Suppose F' and G are differentiable func-
tion on [a,b], F' = f € R and G' =g € R. Then,

b b
/ F2)g(z)dz = FB)GO) — F(a)Gla) — / F@)G(x)da.
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8 Matrix Algebra

8.1 Sum, Product, Transpose
e A :n X m matrix

aii e Q1m
A=

Ap1  *°°  Anpm

o A7 = a1 -y 1thraw of A

a1

o Aj= : : j th column of A
Anj
A

e A= | ¢ | =[A7--- A7)
A

e Atnxm, B:nxm

ain+bii - arm +bim
A + B = . .
an1 + bnl e Anm + bnm
e Atnxm, B:mxk
[ AiBf - AIBg
AB = : :
| ALBY - ALBR
[ > anbin - Dot anibik
LY nibin e D0 Gnabin

— Note: BA is not defined unless n = k, and even if BA is defined,
BA may be different from AB.

Theorem 81

A+B = B+A4

(A+B)+C = A+ (B+C);
(AB)C = A(BO);
AB+C) = AB+ AC.
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Definition 48 For an n x m matriz A, the transpose of A is defined by

ail ce Am1

L Qin cee Amn |
Theorem 82

(A+B) = A'+B;
(ABY = BDB'A.

8.2 Some Important Classes of Matrices

1. Square Matrix:

A nxn
ann o Qi
A = :
an1 App

a;; is called a diagonal element of A and a;; for i # j is called off diagonal
element of A.

2. Symmetric Matrix:

A nxn

ai;; = ajforalli,j=1,2,..,n
(a) Remark: A is symmetric < A = A’

3. Diagonal Matrix:

A nxn
ail 0 0
A= 10 "~ o0
0 0 apn

A diagonal matrix is a matrix such that all the off diagonal elements are
0.
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4. Identity Matrix:

I?L

: n X

1

I, = 0
0

An identity matrix is a diagonal matrix such that all of its diagonal ele-
ments are 1.

n
0 0
0
0 1

(a) Remark: For any n x n matrix A,

I,A = A
Al, = A.

5. Lower- and Upper-Triangular Matrix:

A : nxn
i ail 0 0 s 0
az21 Q22 0 cee 0
A = asz  asz2 ass 0 : lower triangular matrix
L dnl e QAnn
aj; Q2 Qi3 - QAlp
0 age azz -+ a2
A = 0 0 a3 @3n | : upper triangular matrix
L 0 ce Qpn

(a) Remark: If A is a lower triangular matrix, then A’ is a upper trian-
gular matrix.

6. Idempotent Matrix:

8.3 Trace of an Matrix
e A:nxn
o trace(A) =ai1 +azz+ -+ ann

e Properties:
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1. A:nxnand B:nXxn = trace(AB) = trace(BA)
2. A:nxnand B:nxn= trace(A+ B) = trace(A) + trace(B)

3. For A e R,
trace(AA) = Atrace(A)

8.4 Partitioned Matrix

e Example:

A= 21 QAg22 G23 Q24

a a a a
11 @12 Q13 Qa4 B [ A Az}
asyr as2 asz as4

A, = { an ap ]
az1 Q22
Ay = { a3 a4 ]
a23 Q24
ar = [az as |
az = [azs as |
e In general
A11 Alm
A= :
A’fll Anm
e Block diagonal matrix:
A, 0 O
A= o 0
0 0 A,
e Remark:
Ann+Bu -+ Aip + Bim |
1. A + B = : .. . E
Anl + Bnl B Anm + Bnm |
211 AliBil t 2";1 AliBil i
Z:‘ll Anszl e Z:ll Anszl i

34



8.5 Elementary Row Operations

A:nxn

1. Multiplying a scalar for each element of a row of A:
Af

AL ou.4’7 = Fl(a;i)A

2

2. Interchanging two rows of A:

FAT T

A= : =E3i,)A

E'(i,j) =
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3. Adding a scalar multiple of one row to another:

AT aAr+ A7 | = BT (54,5)A

B0z, )= 0 a1 0

0 0 --- 1

Theorem 83 After finite elementary row operations of A, we can obtain an
upper triangular matriz.

Theorem 84 Any upper triangular matriz with no 0’s on its diagonal can be
changed into I,, after finite elementary row operations.

8.6 Inverse Matrix

A:nxn

Definition 49 The inverse of A is defined to be an n X n matriz B such that
AB = BA =1,.

Theorem 85 An n x n matriz A can have at most one inverse.

e Note: Because of the theorem, the inverse is uniquely determined by A.
So, we can denote the inverse by A~1.

Definition 50 If A has the inverse, it is called nonsingular or invertible.

Theorem 86

(i) [aA]™t = éA_l, where a # 0 is a scalar.
(ii) (AB)™! B7tA™!
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Theorem 87 Any elementary matriz is invertible.

e Note: The inverse of any elementary matrix is also an elementary matrix.
1

[E'(e:9)] " = E'(:0)
[E7G,5)] " = E"(i0)
(B (az4,5)] EM(—ayi, 5)

8.7 The Determinant
8.7.1 Definition
A:nxn
Definition 51 The determinant of A, |A|, is defined by
(i) If Ais1x1, |A] = a1.
(ii) If n > 2,

n

Al = (=1 ay; Ayl

j=1
where A;j is the (n — 1) x (n — 1) matriz formed by deleting row i and column
j from A.

e Example:
a1 ain ais
A = a1 Q2 Q23
| as1 azz ass
[ ase a
Ay = 22 @23 ]
| asz ass
[ a11  Ai12
A =
% | @31 @32 ]
1Al = (=1)%a11 |[Aun| + (=1)%a12 | Ara| + (—1)* |Ass]
= a11(agass — azzase) — aia(az1ass — azzast) + a13(aiass — a22a31)
Theorem 88
n
Al = Z(—l)”kaik |Ai| : expansion along row i

=
Il
Jan

(=1)"ay; | Ay« expansion along column h

I
NE

>
Il
—_
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8.7.2 Properties of Determinants:
1. |4 =|4].
2. The determinant of a lower- (upper-) triangular matrix A is |A| = aj1a22 « + - G-

3. Given an n x n matrix A and a scalar «, construct a matrix B; by

r ail A QA1ip, ]
B; = | aan aa; Qin
L On1 Ann
Then,
|Bi| = a|A].
4. oAl = a™|A].

5. Given an n x n matrix A, construct an matrix B;; by interchanging A’s
ith row and jth row:

[ an ap, |

a;i Ajn
Bij =B, )A= | '

a1 (0279

L @n1 o Qnn |

Then,
|A] = —|Bj] .
6. If two rows of A are equal,
|A| = 0.

7. Suppose two matrices A and B differ only in their ith row. Then,

C=| AT+B! |=1C|=]|4]+|B|.

8. |AB| = |A||B].
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9. If A is invertible,

A = —.
A7 =11

8.7.3 Adjoint of a Matrix

Definition 52 The adjoint of a matriz A is n xn matriz whose (i, j)th element
is given by (—1)"17 |Aj|.

e Example:
A = [ ail a2 } .
a21 Q22
2 3
ot =[S
Theorem 89 For any n X n matriz A,
A -0
A-adjA = o
A
Theorem 90 If |A| # 0, then
A7l = ‘—;ade.

Corollary 6 A is invertible < |A| # 0.

8.7.4 The determinant and the inverse of a partitioned matrix

_ Al 0
Al = [A11]]As2g]
AL 0
-1 _ 11
A= { 0 AQJ]
An A
A =
{Am Azz}
Al = |Ag] ‘Au - A12A§21A21‘

|A11] ’Azz - A21A1_11A12’

A*l |: Al_ll(I + AIQFQA%IAl_ll) *Al_llAlgFQ :|
—Fy Az ATy Fy
where Fy = (Agy — Ag1 A Arp) L
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8.7.5 The determinant and the inverse of a Kronecker product

e Kronecker product of two matrices A (n x m) and B (k x 1):

allB e almB

A®B = ,
(nkxml) : ’
an1B - apmB

—_

. (AeB) '=4"le@B.

2. If Aism x m and B is n X n, then

|A® Bl = |A]" |B"™.

w

. (A®B) =A'® B
. trace (A ® B) = trace (A) trace (B) .

S

8.8 Systems of Linear Equations
a1171 + - + ATy = by
: = Ax =b.
an1T1 + -+ QT = bn

Theorem 91 (Cramer’s Rule) Let A be an nxn matriz. If the linear equa-
tion system Ax =b has unique solution, the unique solution x is given by

. 1Bil
Al

where B; is obtained by replacing ith column of A by b:

a11 ... b1 e al'n/
B; =

ap1 - bn e App
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9 Subspaces Attached to a Matrix

9.1 Vector Space

Definition 53 A set V' is a vector space if there exists a summation operation
(4+) and a scalar multiplication, satisfying the following properties:

1. Yu,v,w €V,
(u+v)=w=u+ (v+w).

2. 90 € V such that for any v € V

O+u=u+0=u
3. Yu € V,3u/ € V such that
u+u =0
where we denote ©' = —u.

4. Yu,v €V,
U+v=v+u.

5. Ve € R,Vu,v €'V,
c(u+v) = cu+ cv.

6. Va,b e R,Yu eV,
(a + b)u = au + bu.

7. Va,b e R,Vu €V,
(ab)u = a(bu).

8. YueV,
lu=wu, (1€R).

Definition 54 Let V' be a vector space. A subset W of V' is a subspace of V
if it is a vector space.

Theorem 92 Let V' be a vector space. W C V is a subspace of V if and only
if Vo,w € V, Ve € R,

(i)v+w € W; and
(ii) cv € W.

e Example:

— R" is a vector space.

— Any plane (or line) in R™ including the origin is a subspace of R™.
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e Any element in a vector space is called a vector.

Definition 55 (Linear combination of vectors) Given a vector space V, a
set of scalars {a,...,am}, and a set of vectors {vy,...,vm} in V,

Uy + - apUy, €V

is called a linear combination of {v1, ..., vm }.

Definition 56 Given a vector space V' and a set of vectors {vy,...,vn }, define
W={zeV:z=av1+ + Qnim,a € R}

Then, W is a subspace of V and called the subspace generated (spanned) by
V1, .y Uy We denote the subspace generated by vy, ..., v by L(vy, ..., vy).

Definition 57 (Linear independence) LetV be a vector space and {v1, ..., v}
be a set of vectors in V. We say that v, ..., v, are linearly independent if

Zcivi =0€eV)eca=c=-=c¢ =0€R).
i=1

V1, ..ry Uy 0V are said to be linearly dependent if they are not linearly indepen-
dent. (i.e., I(c1,...,cm) # 0 such that > i~ c;v; =0.)

e Note: For linearly dependent vectors, dc; # 0 such that
- Sy
V; = Z — p Uj.
J#

That is, at least one vector can be represented by a linear combination of
the others.

Definition 58 (Basis of a vector space) LetV be a vector space and {v1, ..., Um }
be a set of vectors in V. If L(vy,...,vp) =V and vy, ..., v, are linearly inde-
pendent, then we call the set of vectors {v1,...,um} a basis of V.

Definition 59 When a vector space V' has a basis of m vectors, m is called the
dimension of V, and we write dim'V = m.

Theorem 93 Let V be a vector space. If {v1,...,v,} generates V, and {v1, ..., v, }
is a mazximal subset of {v1,...,v,} that is composed of linearly independent ele-
ments, then {vy,...,v.} is a basis of V.
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e Note: {v1,...,v,} is a maximal subset of {vy,...,v,} that is composed of
linearly independent elements <

1. {v1,...,v.} is a subset of {vy,..., v, };
2. vy, ..., v, are linearly independent; and

3. There is no other subset of {vy,...,v,} that is composed of linearly
independent vectors and larger than {vy, ..., v, }.

9.2 Row and Column Spaces of a Matrix

e A :n X m matrix
A= : :(A(lj Afn)?

where

A7 € R™ is called a row vector of A; and

A;f € R" is called a column vector of A.

e Given a matrix A, define Row(A) be the subspace of R™ generated by vec-
tors {A], ..., AT}, and Col(A) be the subspace of R™ generated by vectors
{45, ..., AS, }.
Definition 60 The row rank of a matriz A is the dimension of Row(A), and
the column rank of A is the dimension of Col(A).

e Note: By the previous theorem, the row rank is the maximum number of
linearly independent row vectors, and the column rank is the maximum
number of linearly independent column vectors.

9.2.1 Row Rank

Definition 61 A row of a matrix is said to have k leading zeros if the first k
elements of the row are all zeros and the (k + 1)st elements of the row is not
zero:
AT = (0005 o1+~ Q).
k
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Definition 62 A matriz is in row echelon form if each row has more leading
zeros than the row preceding it:

ai; a2
A= 0 a22
0 0 ass

e Similar to square matrices, we can obtain a row echelon form from any
matrix by using three elementary operations.

Theorem 94 Let A, be any row echelon form obtained from A by using ele-
mentary operations. Then,

dim [Row(A)] = dim A,..
e Note: To prove this, we need to use the following lemma:

Lemma 95 Let vy, ..., vy, be a collection of vectors in R™. For some j > 1, let
w = civ1 + ¢jvj with ¢ #0. Then,

L(vi, ey ) = L(wy, 2y .oy U).

e This lemma implies that elementary operations do not change the dimen-
sion of Row(A).

4

e Therefore, for the row rank of a matrix A,we just need to know dim A,.

Lemma 96 Let vy, ...,v,, € V be nonzero vectors such that for each i, v;11 has
more leading zeros than v;. Then, vy, ..., vy, are linearly independent.

Theorem 97 The number of nonzero rows of a row echelon form of a matrix
A is the row rank of A.

9.2.2 Column Rank

Definition 63 A pivot of a matrix in row echelon form is an element which is
the first non zero element in its row:

o Example:
8 7
A= 0 9
Given A, a11,a99, and ag4 are pivots.
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Definition 64 A; 18 a basic column of A if the corresponding column of a row
echelon form contains a pivot.

4 8 1 9
A(—s ~16 1 —15)

| by elementary operations
4 8 1 9
Ar = ( 0 0 3 3 > ’

Then, A = < :18 ) and A§ = ( i ) are basic columns of A.

e Example:

Theorem 98 The basic columns of A form a basis for Col(A).
Theorem 99 For any n X m matric A,
row rank of A = column rank of A,

and define
rank(A) = row rank of A.

9.3 Nullspace and Affine Subspace
9.3.1 Nullspace

A n X m matrix
Definition 65 N(A) is the null space (or kernel) of a matriz A and defined by
N(A)={z e R™: Az = 0}.
e N(A) is a set of solutions to a linear equation system Az = 0.
Theorem 100 N(A) is a subspace of R™.

e Note: Since N(A) always includes 0, N(A) is not an empty set for any
matrix A.

45



9.3.2 Affine Subspace

e Note: A set of solutions to Ax = b is not a subspace (if b # 0). But it
looks very “similar” to the set of solutions to Az = 0. (Actually, it is just
a linear transformation of N(A).)

Definition 66 If a subset of R™ has the form ¢+ W for some subspace W of
R™ and for some vector ¢ in R™. Then, we call the subset an affine subspace
Of R’"L.

Theorem 101 Let A be an n x m matriz. Then, {x € R™ : Az = b} be an
affine subspace of R™.

Definition 67 The dimension of an affine subspace c+ W is the dimension of
w.

9.4 Fundamental Theorem of Linear Algebra

Theorem 102 (Fundamental Theorem of Linear Algebra) Let A be an
n X m matriz. Then,
dim(A4) = m — rank(A).

e Note: This theorem characterizes a set of solutions to a linear equation

system Ax = b. If the set of solutions to Az = b is nonempty, then its
dimension is the number of variables m minus the rank of A.
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10 Quadratic Forms

10.1 Quadratic Forms and Definiteness

Definition 68 Let A be an n x n matriz. The quadratic form associated with
A is a function from R™ to R of the form

n n
ga(z) =2/ Ax = Z Zaijximj.
i=1 j=1
e Example:
ga(z) = x% + 7:5% — 3:5% +4x129 — 22123 + 62923

1 2 -1 )
[331 i) Zﬂg] 2 7 3 xIo
-1 3 -3 I3

Definition 69 An n x n matrixz A is said to be
1. positive definite if 2’ Az > 0 for any x € R™ with x # 0;
positive semidefinite if 2’ Az > 0 for any x € R";

negative definite if 2’ Az < 0 for any x € R™ with x # 0; and

Ll

negative semidefinite if 2’ Az < 0 for any © € R™.

10.2 Identifying Definiteness and Semidefiniteness

Definition 70 Let Ay be a submatriz of an n x n matriz A obtained when only
the first k rows and columns are retained:

Ay =

Then, Ay is called the k-th naturally ordered principal minor of A.
Theorem 103 Let A be an n X n matriz. Then,
1. A is negative definite <

(=1)*|Ag| > 0 for any k=1, ...,n.

2. A is positive definite <

|Ag| >0 forall k=1,...,n.
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Definition 71 7 is a permutation if it is a one-to-one function from {1,...,n}
onto {1,...,n}.

e Given an n X n matrix and a permutation 7 = (1, ..., 7, ), define

Arymy Amymy

AT =

a’ﬂ‘iﬂ‘j

a’ﬂ"nﬂ"l et a7rn7rn

AT is another n x n matrix obtained by applying the permutation 7 to
both the rows and the columns of A.

oExample:w:(m To 7r3):(2 3 1)

azy @23 Q21
A = azy azz as
a2 aiz an

Theorem 104 Let A be an n X n matriz. Then,
1. A is positive semidefinite <
|A7| > 0 for any k =1, ...,n, and for all possible permutations 7.
2. A is negative semidefinite <

(=1)¥|A7| >0 for all k = 1,...,n, and for all possible permutations 7.
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