Competing Auctions: Finite Markets and Convergence*

Gébor Virdg'

Abstract

The literature on competing auctions offers a model where sellers compete for buyers by setting
reserve prices. An outstanding conjecture (e.g. Peters and Severinov (1997)) is that the sellers post
prices close to their marginal costs when the market becomes large. This conjecture is confirmed in
this paper: we show that if all sellers have zero costs, then the equilibrium reserve price converges to
0 in distribution. Under further conditions there is a symmetric pure strategy equilibrium. In this
equilibrium, if the ratio of buyers to sellers increases, then the equilibrium reserve price increases,
and the reserve price is decreasing in the size of the market. Convergence of reserve prices occur at
the fast rate of 1/n if the ratio of buyers to sellers is held constant.

1 Introduction

In many markets sellers compete by posting not simply prices, but more complicated market mecha-
nisms. A prime example is online auction sites where many different sellers are selling similar objects,
and thus they are in direct competition. When sellers post auctions the choice variable is the reserve
price: a seller could try to attract more buyers by lowering his reserve price or can try his luck by posting
a high reserve price hoping that buyers will come. A natural question is how the equilibrium reserve
prices depend on the market size, the buyer to seller ratio and other market characteristics. Among
others, McAfee (1993), Peters and Severinov (1997) and Burguet and Sakovics (1999) study sellers who
compete by posting second price auctions setting the reserve price as they wish, and the buyers decide
which seller to visit given the reserve prices posted.! Peters and Severinov (1997) consider the case
where the market is infinitely large and show that in equilibrium the sellers post reserve prices that are
equal to their production costs. They also show that if there is an equilibrium for each finite market
size where the sellers post identical (and deterministic) reserve prices, then the equilibrium reserve price
converges to the cost of production, which is normalized to zero. However, as Burguet and Sakovics
(1999) argue, such an equilibrium does not exist in the case when there are two sellers and we extend
their argument to the case of any (finite) number of sellers. Therefore, the equilibrium reserve price in
large but finite markets is not settled by those articles. Hernando - Veciana (2005) shows that if only a
finite number of reserve prices are allowed, then the equilibrium reserve price in large but finite markets
converges to the cost of the sellers. While this result is interesting, it is dependent on the restriction on
the set of admissible reserve prices.

Our paper revisits the question of convergence by providing two results. First, we show that in
all equilibria the reserve price each seller posts converges to 0 in distribution (and in support) as the
market becomes large. The logic is that as the market becomes large each seller loses his effect on the
utility levels of the buyers and thus has limited incentives to increase his reserve price. On the other
hand, by decreasing the reserve price a seller is able to attract extra visitors. Since the utility effect
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is small in large markets, the seller has to just provide a market utility to the buyers visiting him and
can capture the surplus, which is generated beyond that utility level. This extra surplus stays positive,
since each seller has finitely many expected visitors regardless of the market size, and thus an extra
visitor increases the probability of sale increasing the surplus generated by the seller. As a consequence,
decreasing the reserve price offers benefits at little costs to the seller as the market becomes large.

To confirm this conjecture, we need to show that as the market becomes large each seller loses
his effect on the utility levels of the buyers. We consider a game with finitely many players and use
properties of the binomial distribution to derive the desired result.? In our proof, we concentrate on the
highest reserve price in the support of the equilibrium and show that the seller who posted that price
has an incentive to reduce his reserve price regardless of what reserve price the other sellers posted, if the
market is large enough. By focusing on the upper end of the support, we can characterize revenues in a
simple formula, utilizing the fact that the seller posting the highest price is only visited by the buyers
with the highest valuations. To do this, we first characterize the utility of a buyer type who does not
visit the seller who posted the highest reserve price and thus his utility changes only because the change
in the highest reserve price changes the visiting probabilities of the other buyers. The change of utility
resulting from such a change in visiting probabilities is relatively easy to characterize by appealing to
the envelope theorem. We then calculate the utility of buyer types who do visit the seller with the
highest reservation price, by using the envelope theorem and the utility of a type who does not visit
this seller. This indirect method establishes that the utility effect vanishes in large markets leading to
the convergence result.

Our second result concerns cases in which a pure strategy equilibrium exist, i.e. where the sellers post
non-random reserve prices, which is a deviation from the previous literature that makes assumptions
that preclude the existence of a pure strategy equilibrium. More precisely, the above articles assume
that the lowest possible valuation of the buyers is equal to the production cost (which is normalized to
zero in this paper). Then the first order condition for seller optimality suggests that the sellers choose a
zero reserve price, but then it is costless to increase the reserve price, since only buyers with the lowest
possible valuations (which is zero) are lost. So the second order condition fails and a pure strategy
equilibrium does not exist as it was recognized by Burguet and Sakovics (1999) for the case of two
sellers. Therefore, we consider the "gap case" where the lowest possible valuation is positive a > 0,
and we provide a sufficient condition for a pure strategy equilibrium to exist. We provide intuitive
comparative statics results and also characterize the rate of convergence of the reserve price to zero. If
the number of buyers (sellers) increases, then the equilibrium reserve price increases (decreases), and
the reserve price decreases in the size of the market. The equilibrium reserve price converges to 0 at
the quick rate of %, if the ratio of sellers to buyers is constant. Moreover, we show that as long as the
number of sellers squared over the number of buyers tends to infinity as the market becomes large, the
equilibrium reserve price must converge to zero. This finding highlights that one needs much weaker
conditions for convergence to occur than was stipulated before.

2 Model and Analysis

There are k sellers each with one unit of an indivisible good, and n risk neutral buyers each with a unit
demand for the good. The valuation of each buyer is his private information, and the valuations are
distributed i.i.d. according to cdf F' and density f with support [a,a + 1]. For simplicity, assume that
f is continuous, bounded and strictly positive on the support. The timing of the game is simple. First,
the k sellers each post a non-negative reserve price r; and then each buyer decides which seller to visit

20ur approach is different from that of Hernando-Veciana (2005) who approximates large finite markets with the
limiting case of infinitely many agents. As a consequence, he works with the more tractable limiting distribution, instead
of the binomial distribution that arises in games with finitely many players. Since his game only has finitely many
strategies (reserve prices) this approximation works well, but in our game with a continuous action space the same
approximation does not directly deliver the desired convergence result. Our different approach is also useful to obtain
closed form solutions for ezact equilibria. This is essential when in Section 3 we analyze pure strategy equilibria to
understand under what conditions convergence occurs and at what rate.



after observing all the reserve prices posted. At seller j the buyers present engage in a second price
auction with reserve price r;.* The winner of the auction is the buyer with the highest bid, in case of
tie the seller flips a fair coin. The payment of the winner is equal to the reserve price if no other buyer
visited seller j and the highest other bid if there was a competing bid, while losing bidders do not pay.
Each seller maximizes his expected revenue. Each buyer ¢ obtains a von Neumann-Morgenstern utility
(surplus) equal to his valuation v; minus his payment m; if he wins the auction, and zero otherwise.
Finally, buyers maximize their expected utility.

We now turn to the analysis starting with the buyer’s stage game taking the reserve prices set by
the sellers (r1,72,...,7%) as given. Given that the sellers post second price auctions, it is a dominant
strategy for each buyer to submit a bid equal to his valuation at the auction where he participates.
Assuming that each buyer follows his dominant strategy when bidding, the only decision a buyer needs
to make is which seller to visit. We concentrate on equilibria where the buyers employ symmetric
visiting strategies. Formally, the probability that buyer i with type v visits seller 7 when the reserve
prices posted by the k sellers are (rq1,72,....,7y) is such that 7 (v, 71,72, ..., 7k) = 7T (0,71, 72, .., Tk).
This requirement means that the visiting decision of a buyer only depends on his valuation for the
object, but not on the name of the buyer. This requirement is standard in the competing mechanisms
literature, and captures the notion that in large markets buyers are unable to coordinate their actions
and behave in an anonymous manner.

Let us start the analysis by characterizing the equilibrium visiting strategies of the buyers given the
reserve prices posted by the sellers. Lemma 1 exploits a simple single crossing property: a buyer with
lower valuation is less eager to obtain the good and thus he is willing to pay less. Therefore, buyers
with lower valuations are more likely to visit sellers who posted lower reserve prices as in two-seller
analysis of Burguet and Sakovics (1999):

Lemma 1 Assume that the sellers post reserve prices (r1,72,...,7) such that 1y < re < ... <rp_1 <
rr < a+1. Then there exists a unique symmetric equilibrium in the buyers’ stage game. This equilibrium
is characterized by cutoff strategies: there exist (unique) cutoff types (t1,...,tx—1) such that max{a,r1} =
to <t; <ty < ... <ty <t =a+1 and buyer types between t; and t;41 visit the first 1 + 1 sellers
each with probability l_%l, while types less than ty do not visit any seller.

Proof. See the Appendix. m

While very high types (above t;_1) randomize between all k sellers, lower types restrict their visits
to sellers who posted lower reserve prices. Very low types (types lower than ¢;) only visit the seller with
the lowest reserve price. The existence of such cutoff types can be established following the two seller
analysis provided by Burguet and Sakovics (1999). We establish the uniqueness of the cutoff types by
making use of the incentive conditions of the buyers in an iterative procedure.

Let us characterize the equilibrium utility of the buyers in their stage game when the reserve prices
posted are already fixed at (71,79, ...,7%). Since all buyers follow symmetric strategies by assumption,
the equilibrium utility of a buyer depends only on his valuation, but not on his name. Also, as the
lemma above claims there is a unique equilibrium in the buyers’ stage game and thus the equilibrium
utility of the buyers is uniquely determined. Therefore, let u(z,rq,rs,...,7;) denote the equilibrium
(expected) utility of a buyer with type « € [a,a + 1] in the buyer’s stage game given the posted reserve
prices. For brevity, we will simply refer to this utility as u(x) when this does not create any confusion.

The result that the (symmetric) equilibrium of the buyers stage game is unique has important
implications also for continuity properties. As we show it in the proof of the above lemma the cutoff
types (to,t1, ..., tk—1, tx) are solutions to a system of equations that are polynomial in the reserve prices.
Therefore, the correspondence that describes the equilibrium cutoff values for any reserve price vector
is upper-hemicontinuous. The above lemma implies that the correspondence is also single-valued and
thus the cutoff types are continuous in the reserve prices.

3Similarly to Burguet and Sakovics (1999), any mechanism that is efficient when the buyers are symmetric, like first-
price or all-pay auctions, would yield similar result. More precisely, there would still be an equilibrium, where the sellers
post reserve prices as characterized below.



We now show that the equilibrium (expected) revenue functions are continuous in the cutoff types
and reserve prices. For simplicity let us consider a small deviation of seller j such that for all [ # j it
holds that r; # r;.* To calculate the revenue of seller j it is necessary and sufficient to know the second
highest type visiting if there are at least two visitors, or otherwise one needs to know whether a visit
occurred at all. Using Lemma 1, the probability that any given buyer visits seller j, the seller with the
jth lowest reserve prices can be written as

F(t;) — F(tj—1) | F(tj1) — F() 1 — F(tr—1)

P, = : + : +ot—. 1
J 7 j+1 k (1)

Let M; denote the distribution function of the type of a buyer conditional on visiting seller j. Using

Bayes rule, for all > ¢;_1 it holds that

Similarly, for all z € [tx_2,tx_1) it holds that

Pj _ 17F$€tk_1) _ F(tk_kli)IF(m)

P; ’

M;(x) =

and then using this procedure one can calculate M; for all « > ¢;_;. By construction, M;(t;—1) = 0,
since types lower than ¢;_; do not visit seller j. Let M; denote the distribution function of the second

order statistics of buyer types visiting, setting it zero if less than two buyers visited. Then for all
T > t]‘,1

M(a) = (1- Py)" +nP;(1 - "1+Z()P11 Py (M @)+ UM, () (1 — M)

To explain this formula, note that the probability that no buyer visits is (1 — P;)", and the probability
that one buyer visits is nP;(1 — P;)"!. In both cases the second order statistics is set to zero. If there
are [ > 2 buyers visiting, then the probability that the second highest type is less than z is given in
the brackets above. Let m;(x) denote the derivative of M; at . Using the above calculations, one can
write seller j’s expected revenue for any small deviation that still leaves him the seller with the jth
lowest reserve:
a+1
Rj=(1—P)"*0+nP;j(1-P)" 'r; +/ xmj(z)dz. (2)
ti—1
This revenue formula is a simple consequence of the second-price auction format. If no buyer visits
the revenue is zero, if one visits then it is 7;, and if several do then the revenue is equal to the second
highest bid (which is equal to the second highest type).

Inspecting formula (2), it is clear that the expected revenue is continuous in the reserve prices and
cutoff types, because functions P; and m;(z) do not depend directly on the reserve prices and depend
continuously on the cutpoints. We have already argued that cutoff types are unique and continuous in
reserves. Let us then take the game between the seller, taking as given that the buyers play the unique
symmetric equilibrium in their stage game. This defines revenue functions for the sellers only in terms
of reserve prices, once one substitutes in the cutoff types in the revenue formula. Given our continuity
results, one can conclude that the revenues in this game are continuous in the decision variables, the
reserve prices. The following lemma summarizes this discussion:

4This assumption is only for expositional purposes. If it does not hold, then the whole exercise can be done the same
way except that one needs to handle the case of a small increase and a small decrease separately to show that continuity
is sustained in both directions.



Lemma 2 The expected revenue of seller j is continuous in the reserve prices posted.

Also, each seller posts a reserve price r; in the compact, convex set [0,a + 1]. Therefore, standard
existence results (appealing to Glicksberg’s fixed-point Theorem) imply that there exists an equilibrium
in mixed strategies in the sellers’ game,” and thus our entire game has an equilibrium where the buyers
follow symmetric strategies. The following Corollary recaps our discussion:

Corollary 1 There exists a Perfect-Bayesian equilibrium where the buyers follow symmetric strategies.

Before proceeding to our main result, it is useful to further characterize how the cutoff types re-
spond to changes in the reserve prices. The result below establishes that the cutoffs are continuously
differentiable in the reserve prices as long as all reserve prices are different:

Lemma 3 If no two reserve prices are equal, then at point (r1,r2,...,7k) the cutoff types and the
expected revenues are continuously differentiable functions of the reserve prices. Moreover, if rj # 1
for all I # 7, then at that point the cutoff types and expected revenues are continuously differentiable
functions of r; and the partial derivative with respect to r;j is also continuous in r; for all I # j. If
r; =1 for some | # j, then right hand partial derivatives and left hand partial derivatives of the cutoff
types and expected revenues with respect to r; still exist.

Proof. See the Appendix, together with Lemmas 1 and 4. =

To prove this result we first note that any cutoff type ¢; is indifferent between visiting seller j — 1
and j. This gives us k — 1 indifference conditions in £ — 1 unknowns, the cutoff values. We are able to
exploit the special structure of these conditions to show that one can use the implicit function theorem
to obtain the desired conclusion. The logic of the exercise does not allow to handle the case where
the reserve prices are not all different, since in this case slightly increasing or slightly decreasing the
reserve price would change a seller’s ranking, and then the whole set of equations would need to be
rewritten to reflect this change in the ranking. Indeed, one can show that differentiability fails at a
point (ry,72,...,7%) where r; = r,, for m # [, but left hand and right hand derivatives with respect to
all reserve prices exist. It is also useful to point out that given the nature of the problem, the utility
function of the buyers u also satisfies similar differentiability properties.

With these results in hand we are ready to consider our main question, that is whether the equilibria
of games with a finite number of players converge (as the market size becomes large) to the equilibrium
of the infinite game where all sellers post a zero reserve price. We prove that such a convergence result
indeed holds. The proof follows our intuitive argument in the Introduction. We first show that as
the market grows large, each seller loses his effect on the equilibrium utilities of the buyers. Then we
conclude the proof by showing that serving an extra type has a non-vanishing positive effect on total
welfare, which is thus captured by the seller as revenue in the limit.

Theorem 1 Take a sequence of games where lim k!, n! = co and for all it holds that Z—f < p for some

— 00
p > 0. Then for any sequence of equilibria where the buyers use symmetric strategies, the reserve prices
posted by the sellers converge to zero in distribution.

Proof. Take a sequence of games characterized by the number of sellers k' and the number of buyers
n! and assume that k,n! — oo as | — oco. Denote the upper end of the support of the equilibrium
strategies of seller ¢ as dé and denote the distribution function of the equilibrium reserve prices® by Hf.
Note, that it is without loss of generality to assume that it is a best response to post reserve price dé,
because the game between the sellers is continuous in the reserve prices. In the main text we provide the
proof only for a simpler case (Case 1), relegating the more complicated case (Case 2) to the Appendix.

5See for example Theorem 1.3 in Fudenberg and Tirole (1991).
6The language of the proof implicitly assumes that we have a mixed strategy equilibrium, but the case of pure strategies
is covered in Case 2 in the Appendix.



Case 1: First, assume that the equilibrium reserve price distribution does not put positive probability

on d', i.e. for all i and [ it holds that
lim H(z) = 1.
i Hi(z)

The proof is presented in steps. In Step 1, we show that it is sufficient to establish that the seller
with the highest strictly positive reserve price would always want to decrease his reserve if the market
is large enough. In Step 2 we introduce a useful lemma and reformulate our problem. In Step 3 we
provide an upper bound to the sensitivity of buyer utilities to a slight change in the action of the seller
with the highest reserve price. In Step 4, we show that if the market is large enough, then it is profitable
for the seller with the highest reserve to decrease his reserve price, which concludes the proof.

Step 1: Let m(l) € {1,2,...,k'} be such that dlm(l) > dé» for all j. For our purposes it is sufficient
to show that llim din(l) = 0 for any sequence of equilibria, because this would prove that all equilibria

— 00

gets close to all sellers posting a zero reserve price as the market becomes large. Our starting point
is that (under the assumption for Case 1) by posting a reserve price dlm(l), seller m(l) posts a higher
reserve price than all other sellers with probability 1. To establish the conclusion of the theorem, Steps
2 to 4 below show that for any strictly positive reserve price r; there exists a threshold l(r;) such that if
r; > 1 for all j #1i and > 7(73-), then seller i can increase his profit by slightly decreasing his reserve

price. Intuitively, this implies that seller m(l) who posts dlm(l), has a profitable downward deviation if
[ is large enough, which contradicts with the assumption that dlm(l) is in the support of the strategy of
seller m(1).

The rest of Step 1 formalizes the italicized statement above and shows that this statement is sufficient
to conclude that ll_i)rilodin(l) = 0 indeed holds. Let r—; = (r1,72, ..., Ti—1, Tit1, .., it ) and let Gl_i(r—i) =

H H ]l (rj) denote the distribution function of the equilibrium reserve prices posted by the other sellers,
J#i

and let Rl(rq,...,m) be the (expected) revenue of seller i in market [ if the vector of reserve prices
posted is (rq, ..., ). Note, that formula Ri(ry,...,r) is well defined for any market size | by the
uniqueness claim of Lemma 1. Let

ER(r;) = / Rry, oo )AGL
[0,a+1]*' =1

denote the expected revenue of seller ¢ in market [ if he posts reserve price r;. By Lemma 3, Ré is
continuously differentiable with respect to r; if r; > r; for all j # i. Fixing the market size [ and
the strategies of the other sellers, the derivative of the expected revenue of seller ¢ can be written as

f[O,a+1]kl—1 a%Rﬁ(Th oy Ty )AG .
To formalize the italicized statement, suppose that for all r; > 0, there exists I(r;) such that if

I > I(r;) and r; < r; for all j # i, then

0
WR%(Tl,...,T’kl) < 0. (3)
Then it follows that if ¢ = m(l) and r; = din(l) >0, and | > [(r;) then
f[o at1JF-1 ({%Rﬁ(rl, oy TRt )dGY, < 0 and thus 6Egr’l",_(rl") < 0. Therefore, if { > I(r;) holds then it is

profitable for seller m(l) to decrease his reserve price from r;. Since this statement is true for any
r; > 0, therefore llim din W = 0 must hold, otherwise seller m(l) would not have an incentive to post
— 00

reserve price din(l), which contradicts with our starting assumption that din(l) is in the support of the
strategy of seller m(1).

Step 2: The rest of the proof (Steps 2-4) finds an appropriate threshold value 1 for any value of r;
such that (3) holds under the conditions stated before (3). For the rest of the proof assume without



loss of generality that r1 <7y < ... <rp_o <rp_1 <71 < a-+1,ie we assume that m(l) = k! for all 1.
Moreover, we will not indicate superscript [ if its omission does not create any confusion. By Lemma
3, Ry is continuously differentiable with respect to rj in this case. The following useful lemma helps
our analysis:”

Otp_1
ory

Otp_o

Lemma 4 Ifri <ry < ... <7190 <r1p_1 <71k <a+1, then it holds that D

any © > t_o it holds that 242 < 0.

or, —

> 0,

> 0 and for

The above lemma implies that one can take t;_; as the decision variable of seller k, since tj_1 is
one-to-one with ry if one fixes r_;. Letting

k
Ri(tk—1) = ERi(ﬁ, o TE(te—1)),

given Lemma 4, inequality (3) is equivalent to inequality %Ei (tx—1) < 0. However, it is more useful
to establish the stronger condition that for some negative « it holds that

——Ri(ty1) < : 4
8tk,1RZ(tk 1)<a<0 (4)

The main advantage of establishing the stronger condition (4), is that under (4) it is sufficient to cover
the simplest case where ry < 1y < ... < rp_9 < Ti_1 < 1 holds, i.e. where the two largest reserve prices
are posted by a single seller. To see this, note that by Lemma 3 the expected revenue and the cutoffs
are continuously differentiable in rp_o and thus

~ kOR; O k OR; ,Oty_
Ri(tk—l): Tk k—1

Otr—1 n or, Otp—1 ) ory' Org

is continuous in 7_o. Therefore, if one increases ri_o until rp,_o = rip_1, it must be still true that

%Ri(tk—l) <a<0.
The rest of the proof (Steps 3 and 4) establishes that for all 7, > 0, there exists {(r;) such that

if I > T(rk) and r1 <71y < ... <719 < Tp—1 < Tk, then (4) holds, which is sufficient to establish the
desired conclusion by the above discussion.

Step 3: In this step we characterize the change in utilities of the buyers who visit seller ¢ = m(l), if
seller ¢ reduces tj_1 slightly by reducing his reserve price slightly from 7. Using the incentive conditions
of the buyers one can establish that for all © > t;_; it holds that

ou(x) n—1

02— = TR 1)f(tk71>(a+ 1). (5)

The formula (5) is the key step in the argument, as it implies that the utility effect of a single seller
vanishes in large markets. Formula (5) is formally proven as Lemma 5 in the Appendix, but given its
significance the rest of Step 3 goes through the main steps of the argument in an informal manner. The
formal proof is somewhat involved as it involves function u(z), for which there is no simple explicit
formula. To tackle the difficulties, we follow an indirect method. Instead of directly characterizing
the utility changes of types who visit seller k (i.e. types above t;_1), we characterize the changes in
the utility of those types who visit seller £ — 1 but not seller k, i.e. types between t;_o and tg_1.
This indirect method has the advantage that one does not need to calculate how sensitive the cutoff
types to a change in r; are, a calculation which would involve a complicated system of equations in
k — 1 variables. For types on interval [t;_o,t;_1] who visit seller k — 1 the relevant reserve price 75_1
is unchanged, and thus their utility changes only because of changes in t;_; and ty_o. Moreover, for
types close to (and above) t;_o the change in utility occurs only in the case where there is no other

"The proof appears in the Appendix together with Lemmas 1 and 3.



buyer visiting seller k¥ — 1. (Otherwise, the utility is close to zero anyway, since the second highest type
visiting seller k — 1 is greater than ¢;_o, and thus a type close to t;_o who pays an amount of at least
ti—2 obtains a utility level very close to zero.) The utility of a buyer with valuation x for the case when
no other buyer visits seller k — 1 can be written as the probability that no other buyer visits seller £k —1
times his surplus z — r;_1 in this case. Formally, the utility in this case is

k—1  F(tk—2) F(tk—1)

(U= Pe)™ o =) = (= + *k(k—l))nil(xfrk_l)'

The derivative of this expression with respect to t;_1 depends on how t;_o responds to a change in t;_1.

Fortunately, our analysis only uses the fact that % > 0, which holds by Lemma 4.% Substituting

Ot
Ot

’? > 0 into expression

d k=1  F(ty—2) Ftk-1) ,
dt/m( Eo k:il 7/{(/{}11)) 1($Tk—1)>

yields an upper bound to how big the utility effect can be for a type x, which is close to t;_2. Then
one can use the envelope theorem to estimate the utility changes for all the types who visit seller &, i.e.
types greater than tx_1. The details are in the Appendix.

Step 4: The rest of the proof formalizes the key intuition of the proof, i.e. we formally show that the
benefit from increasing participation remains positive, while the utility costs tend to zero and therefore
it is beneficial for the seller with the highest reserve price to decrease his reserve. We first calculate
the expected revenue of seller k as the total surplus generated at seller k£ minus the total utilities of the
types visiting seller k. For all z > ¢, let G(z) denote the probability that seller k sells to a buyer with
type less than = or does not sell at all. This event happens if and only if no buyer with type greater
than z visits seller k, and thus G(z) = (1 — %(”T))” Letting g(z) = 92, the total surplus generated
at k is

a+1
Wi, = / zg(z)dz.
tr—1
Since such types visit seller & with probability 1/k it follows that the sum of utilities generated at k
can be written as
a+1 1
Cr = n/ Eu(m)f(x)dx
th—1
Then the expected revenue is Ry = Wy — C) and one can assume that seller k¥ maximizes ék with
respect to tx_1. It holds that

ARy 1— F(th_1).,_4 atl  Hu(z)
= —f(tx— 1— ——————2)" e —u(tpg—1)] — dx. 6
e L (R S R By O ©)
Since type tx—1 wins with probability (1 — %)"’1 and pays 7 at seller k it holds that

u(tr—1) = (1 — L(tkfl))nfl(tkq —Tk)
and thus 1— F(t 1 F(t
(- A ey, ) = - E )y 7

8Note, that by the chain rule and Lemma 4
Oty_o  Olp_o Otp_1

= > 0.
8tk_ 1 8rk aTk

9Note, that the partial derivative with respect to t;_1 (ignoring the effect through the change in ¢;_o) converges to
zero if k&—ill) converges to zero. This suggests that the utility effect vanishes in the limit.



Using (5) and (7), one obtains from (6) that

8]§k 1— F(tg—1) 1 n—1
< - )1 - ——)" — f(tr— 1).
B = f(te—1)( 7 ) Tk+k(k—1)f( k—1)(a+1)
Inequality 3+ < p implies that for all £ > 2
1= F(te_1) oy 1, 1., 1, 1
oz P k-l s (1 2yl s (1 2y s (1 - 220 — (2R,
(- ==yt s (e > (1= R > (1= 5 = ()

Therefore, for all [ such that 2 < p (and k& > 2) it holds that

aék 1 P
< — —\P <
EI < flte—1){ ?"k(4) + (k—l)(a+1)}*a<0’
if .
e ®)
rk(Z>p + maxf(:c)

Therefore, for all r, > 0, if [ is large enough such that (8) holds, and r < ro < ... <7rp_o <711 < T,
then (4) holds, which concludes the proof for Case 1 as we indicated it in Step 2.

Case 2: Now, assume that the equilibrium bid distribution may put positive probability on dé, ie.
it does not hold that

lim lim H'(z) = 1.
l—oox 7 dl

The formal proof for this case is given in the Appendix. The idea behind the proof is the same as in
Case 1: the utility effect of any seller vanishes in the limit. Then each seller maximizes the total surplus
created at his store, which is achieved by selling the object if any buyer visits at all. The main technical
complications compared to Case 1 are twofold. First, when a seller with the highest reserve considers a
deviation downwards, he will not be the seller with the highest reserve price any more, if other sellers
posted the exact same reserve price that he did before the deviation. Therefore, the deviating seller’s
profit can be described in a more complicated manner that depends on the last two cutpoints, and not
only the last one. One then needs to calculate how both of those cutpoints respond to a change in the
reserve price, which complicates the analysis substantially. The second, and more major complication
is that now the number of sellers ¢ who posted the very highest reserve price (in a "tie") can take any
numbers between 1 and k, where k becomes large as the market becomes large. We need to distinguish
different cases depending on whether ¢ is large or small compared to k£ as the market grows large, and
need to show that a uniform bound (that is now independent of not only the reserve prices posted by
the other seller, but also of ¢) exists. ®

Using the above argument one can also show that the rate of convergence is fairly quick under
our assumptions. Inspecting formula (8) that is valid in case 1, suggests that the upper end of the
equilibrium reserve price distribution 7 satisfies if 7 < % for some constant D. The proof for Case 2
in the Appendix shows that his result holds there as well. Therefore, the posted reserve prices must
converge to zero in distribution at the fast rate of 1/k under our assumption that n/k < p for all
markets 1.1

It is appropriate here to compare our results with that of Hernando-Veciana (2005) who considers
a convergence result as well. The main difference is that he assumes that the sellers are restricted to
a finite grid that includes production costs. This assumption leads to a pure strategy equilibrium for
a large enough (but finite!) market size where all sellers post a reserve price equal to their production

L0Tf one lifts this assumption, then it is our conjecture that convergence would also hold (at a rate possibly slower than
1
1/k) under the weaker condition that lim 21—
1— o0 k' (kI =1)
Section that this condition is sufficient in the case when a pure strategy equilibrium exists.

= 0, but a proof is currently unavailable. We will see it in the next



costs. The discrete grid also allows him to consider the case where sellers have heterogeneous production
costs, a case which is not formally studied here.!’ A further major difference between Hernando-Veciana
(2005) and our paper is that when the market becomes large he assumes that the ratios of buyers to
sellers are fixed, while we allow it to change as long as in the limit the ratio of buyers to sellers remains
bounded. Finally, we are able to study a pure strategy equilibrium for finite markets (see Section
3), which was not possible by using the large market approximations of Hernando-Veciana (2005). In
particular, we give sufficient conditions for when such an equilibrium exists, and if it does what is the
speed of convergence, and we also show interesting comparative statics results.

3 Symmetric pure strategy equilibrium

In this Section we study whether an equilibrium exist for a given f,n,k,a where sellers use pure
strategies, and characterize such an equilibrium if it exists providing comparative statics and convergence
results. Burguet and Sakovics (1999) established that when a = 0 and there are k = 2 sellers, such a
pure strategy equilibrium does not exist. For reasons of tractability, we concentrate on symmetric pure
strategy equilibria where the sellers play symmetric and pure strategies all posting reserve price r > 0.
(The buyers are assumed to use symmetric strategies as before.) In what follows we assume that r < a
in equilibrium and thus all types are served.'? The following result characterizes such an equilibrium
when it exists and provides a necessary second order condition for existence:

Theorem 2 There is at most one symmetric pure strategy equilibrium of the game. In the symmetric
pure strategy equilibrium each seller posts a reserve price

(n—1a

ORI Y

A necessary condition for such an equilibrium to exist is that

—k
k—1+"T

>0 =——"-——"
)2 = %

Proof. Suppose that all other sellers post reserve price r and seller 1 deviates to r1.'® First, take the
case where r; > r. By Lemma 1, the unique symmetric Bayesian equilibrium in the buyers’ stage game
is such that types less than y visit sellers 2 through k& with equal probability and types above y visit all
k sellers with equal probability. By Lemma 4 y and r; are one-to-one, so the deviating seller’s problem
could be written using decision variable y instead of 7.

Next, note that type y has the same probability of winning at any seller, this probability is (1 —
%(y)) At seller 1 type y wins if and only if all the other buyers visited other sellers and his payment
is 1 conditional on winning. Therefore, the expected payment of type y at seller 1 is (1 — %(y))rl.
If type y visits seller 5 # 1, then he wins if and only if all the other buyers have visited a seller other
than j or those visiting j have types less than y. If no one else visited j, then buyer ¢ pays r and if [
other buyers visited j, then the expected payment is the expected value of the highest type among the
[ buyers conditional on they all having types less than y (otherwise buyer ¢ does not win). Let Em®

denote this expected value when [ other buyers visited.

H'While a formal analysis of the heterogeneous cost case is beyond the scope of this work, the logic behind Theorem 1
extends to this case to some extent. More precisely, our proof can be directly adapted to show that the seller with the
highest cost (also the one with the highest reserve price) must post a reserve price that converges to his cost of production
as the market becomes large. However, a convergence result for sellers with lower cost levels does not follow directly.

120ne can show that there is no symmetric pure strategy equilibrium where this condition fails. Moreover, our conjecture
is that a pure strategy equilibrium with asymmetric reserve prices does not exist, but a proof is unavailable.

13The calculations below could be obtained as a special case of our first two numbered formulas. However, we find it
more instructive to simplify the analysis by using that all other sellers post the same reserve price, and derive the revenue
formula from "scratch".
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Since his probability of winning is the same whether he visited seller 1 or j # 1, the payment of
type y must be equal at seller 1 and at the other sellers. Therefore,

L - F(y) 1-F(y) F)

p P - 1)”—1r+ (10)

(1- )"l =(1

+Z (n - 1) (1- (1-Fly) Fly) )n—l(lf(iyi)l—lEm(l—l)'

n
Let us rewrite expression ¢ = Z (-ha - (17—5(9) - %)”’l(%)l’lEm(l’l) as an expected value
=2

of a random variable. Let 7 take value zero when there is no other buyer at seller j # 1, and otherwise
let 7 take the highest type among the other buyers who visited j. Let function p(z) be equal to z if
z <yandlet p(z) =0if z >y. Then p is the expected value of random variable p(7). Letting ¢ be the
density function of 7, it holds that

o= / R / " (o)

Also, by construction for all z < y it holds that ¢(z) = 2= (1 — ¢ — % + %)”*2]‘(2) and thus

L )2 f(2)d (1)

_[(Yn—1 1 F(y) F(z)
@—/a R R—1) -1

Now, we describe the expected revenue of seller 1. The revenue of seller 1 is equal to ry if exactly
one buyer visited him, and zero if no buyer did. If more than two buyers visited him, then the revenue
is equal to the value of the second highest type. Therefore, the expected revenue from having [ > 2
buyers visiting is equal to Es(®), the expected value of the second highest type conditional on all buyers
having types above y (otherwise they would have visited other sellers). With this shorthand notation
the expected revenue of seller 1 is

Ry = nl _£<y)(1 _ 1 _f(y))n—1r1_~_
+ i <Z)((1 7kF(y))h(l _ 1 75(34) )nfhES(h). (12)
h=2
A similar reasoning as before formula (11) yields that
Z <7h7:> ( (1 7kF(y))h(1 _ 1 75(y) )nfhES(h) _ (13)
h=2
n [ott —F(z —F(z
:E/y s — 1)1~ - 21 o ) j(2)a.

Equations (10), (11), (12) and (13) yield that

n. ot — F(z — F(z
Ri=Ra) =3[ sn-no- e pans

+(1 = Fy){(1 - P m)nflr + /y %Z(l - % - k;(}l:(f)l) + ;f(_Z)l)ndf(Z)dZ}] (14)

11



Now, let r; < r. In this case the unique symmetric Bayesian equilibrium in the buyers’ stage game
is such that types less than x visit seller 1 and types above x visit all k sellers with equal probability.

For all z < z let
(1-F(2)k—-1)

G(z) = :

+ F(2),
and for all z > z let

(k—1)+ F(2)
—

A similar analysis as above yields that inducing z € [a,a + 1] yields an expected revenue of

G(z) =

dz

" k

T T /x 2(n — 1) f(2)G(2)"2dz).

The first order condition at y = a is @l ly=a< 0, which is equivalent to r > %L The

D+ (k—1)2"
aRl | a< 0, which is equivalent to r < %
first order condition(s) uniquely pin down the reserve price at r = (71—(17;%-% For the local second

order conditions we need that when we let » = %, the second derivatives of Ry and ]/?:1 are

‘ atl on(n — 2" 2(1 — G(z P
/ zn(n —1)G(2)" (1 — G(2)) f(2)dz +/ ( DG(z)" (1 — G(2))f(2)

first order condition at x = a is Hence, the

non-positive at y = a and z = a respectively. The second derivative of R; at y = a is non-positive
if af(a) > a*, while that of Ry at x = a is non-positive for all values of a and f(a). (The Appendix
contains the details of the calculus.) m
The above result adds a few important insights that were not possible to draw when a pure strategy
equilibrium does not exist. First, Theorem 2 implies that as the number of sellers (buyers) increases the
sellers post lower (higher) equilibrium reserve prices to compete effectively. This result is very intuitive
as it shows that market forces work in the intuitive directions. Second, the Theorem also shows that
the equilibrium reserve price decreases in the size of the market due to the fact that each seller has less
effect on the equilibrium utility levels of the buyers and thus increasing his reserve price becomes less
appealing for each seller. To see how the market size effect works, let 7= = /3 fixed and note that the
candidate equilibrium has a reserve price
Ba
r= g (16)
which is decreasing in market size. Third, one is able to obtain a rate of convergence that turns out
to be quite fast. To see this, assume again that 7=y = [ is held fixed, and note that in this case
the reserve price posted converges to zero at rate 1 / k. Fourth, one is able to relax the assumption
of Hernando-Veciana (2005) that the ratio of buyers to sellers is constant. More precisely, the above
Theorem shows that if lim ﬁ = 0, then the equilibrium reserve price converges to zero, even if the
ratio of buyers to sellers (n/k) converges to infinity. However, if the ratio of buyers to sellers converges
to infinite fast enough, then convergence does not occur, since the sellers try to take advantage of the
large number of buyers by posting high reserve prices. Fifth, it may be interesting to see how the results
change when the sellers are known to have lower valuations than the buyers, a case that was mostly
neglected by the previous literature. Sixth, our result also shows that if a symmetric pure strategy
equilibrium exists, then it only depends on the number of buyers and sellers, and the lowest possible
valuation of the buyers, but not on the distribution of valuations.'* Finally, it is interesting to point it

1M The reason is that as a seller changes his reserve price from r, the change in the cutoff type t1 depends only on
n,k,7,a and f(a). Therefore, the revenue of the deviator may depend only on those variables, but variable f(a) cancels
out (at least for the first order condition) when the calculations are actually made.
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out that as the market becomes large it holds that a* — 0, and thus for any (fixed) positive values of
a and f(a), the local second order condition af(a) > a* is satisfied in the limit. This suggests that as
the market becomes large, it is more likely that there is a pure strategy equilibrium. According to our
conjecture (see below), for any convex distribution function F' and a > 0 (the gap case), there exists a
pure strategy equilibrium if the market is large enough.

The above results (except for the last) are, of course, conditional on having a pure strategy equi-
librium at all. It is important to understand when such an equilibrium exists and when it does not.
Our starting point is that (as Burguet and Sakovics (1999) have already it pointed out) the first order
conditions are not sufficient for seller optimization, and this is the cause for non-existence of pure strat-
egy equilibrium when a = 0. Indeed, when a = 0 (the case studied by Burguet and Sakovics (1999)),
the local second order condition fails and a symmetric pure strategy equilibrium does not exist. In
our model with a large enough, this problem does not arise, because with a high enough level of a it

—2< 0. In less technical terms, the key is to study the incentives to increase the
reserve price slightly from when all the other sellers posted r. As a seller changes his reserve price from
r, the change in the cutoff type ¢; depends only on f(a), but not the entire distribution of types F.
Therefore, the revenue of the deviator may depend only on f(a), but not on function F. It turns out
that f(a) cancels out in the first order condition as a balance of two effects. On one hand, the higher
f(a) is the more costly it is to lose visits from types less than ¢; for any fixed value of t;. On the other
hand, the higher f(a) is the less the cutoff ¢; is influenced by the reserve price. These two effects are
equally important, and thus f(a) does not have a first order effect on how the revenue changes when 7,
changes. But the density f(a) does not cancel out in the second order condition. Moreover, the more
buyers have types close to a (i.e. the higher f(a) is), the more costly it is to lose visits from types close
to a, and therefore the more likely that increasing ones reserve price is not profitable. This intuition is
confirmed formally in the above proof.

The following Corollary provides a sufficient condition for existence of a symmetric pure strategy
equilibrium and states a specific case in which those conditions hold:

Corollary 2 A symmetric pure strateqy equilibrium exists if functions Ry and ]§1 are quasiconcave for
ally € [a,a+1] and x € [a,a+ 1] whenr = % If the necessary conditions stated in Theorem

1 hold and n =2 and F is convex, then there exists a symmetric pure strateqy equilibrium.

Proof. The first part of the Theorem is a snnple consequence of the above analysis. For the n = 2

case a simple substitution yields that %L and —L are decreasing functions for all y € [a,a + 1] and

x € [a,a + 1] when r = % and F' is convex. Therefore, the local second order conditions at

y = a and x = a are sufficient globally. m

Unfortunately, a simple condition stated on the primitives is not available when n > 2. However,
based on extensive numerical calculations we conjecture that convexity of F' is sufficient for any n, k
for a pure strategy equilibrium to exists as long as the local second order condition in Theorem 2 is
satisfied.!® More precisely, using Mathematica we were not able to find any cases with F' convex where
the global sufficient conditions (R; and Ry being quasiconcave) fail. Since functions R; and Ry are
highly complicated polynomial functions involving high order powers of F' and r, an analytical proof to
support our conjecture remains unavailable.

4 Conclusion

Our contribution to the literature on competing auctions is twofold. First, we analyze the case of large
markets and show that as the market becomes large, the utility effect of each single seller approaches

151t is easy to provide examples with a decreasing density function where there is a profitable global deviation and thus
a regular equilibrium does not exist. This is not very surprising, since when f is decreasing the virtual utilities may be
non-monotone, in which case losing visits from higher types may be less costly for a seller than losing visits from types
close to a.
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zero. Therefore, as long as his reserve price is larger than his cost, it is strictly profitable for each seller
to attract extra buyers by decreasing his reserve price. Hence in large markets, we prove that the sellers
post reserve prices close to their production costs. Second, we provide conditions under which a pure
strategy equilibrium exists and provide explicit solutions for the case of finite markets. This allows us to
obtain intuitive comparative statics results, showing that if the number sellers (buyers) increases then
the equilibrium reserve price goes down (up), and as the market size increases the equilibrium reserve
price decreases.

5 Appendix

Proof of Lemmas 1, 3 and 4 :

Proof. Proving that any equilibria can be characterized by such cutoff values as was stated in Lemma 1
is a straightforward extension of the proof for the case of two sellers as covered in Burguet and Sakovics
(1999), and is thus omitted. The other results are proved in the following order. We first prove the
content of Lemma 3. The uniqueness part of Lemma 1 then follows from that proof almost immediately.
At the end of the proof we cover Lemma 4.

Note, that to prove Lemma 3 we only need to prove continuous differentiability of the cutoff types
with respect to the reserves, since the revenue functions are continuously differentiable in the reserve
prices and the cutoff types as formula (2) in the main text implies. Let us calculate how the cutoff types
are calculated given a reserve price vector (1,73, ...,7%), again assuming that 0 <7 <7y < ... <7, <
a + 1. First, note that type tx_1 is indifferent between visiting sellers 1 and 2. Also, by construction
he wins with the same probability at the two sellers. To see this, note that since t;_; is the lowest
type visiting seller k, he wins there if and only if there is no other buyer visiting, i.e. with probability
(1—P,)" 1. At seller k—1 he wins if and only if either no other buyer visiting, or if the other buyer with
the highest type visiting is less than ¢;_;. This occurs with probability (1— Py_1 + %W)”*l,
since by Lemma 1 a type below t;_; visits seller k£ — 1 if his type is above t;_o and the probability of
a visit is 1/(k — 1) in this case. As formula (1) implies, P,_; = Py + W, and thus the two
winning probabilities are equal: (1 — P,)" ! = (1 — Pp_1 + W)"*l.

Therefore, the indifference condition of type ¢; implies that such a buyer type has to make the same
expected payment at the two sellers. At seller k the expected payment conditional on winning is simply
Tk, since that type pays only if no other buyer is present and the payment is equal to the reserve price.
At seller k£ — 1 the formula is more complicated. The payment is r_; if no other buyer is present, but
it is higher if competing buyers are present. If i other buyers are present, then the expected payment
is equal to the first order statistics of h types that are distributed i.i.d. on [tx_2,t;_1] with distribution
function F'. Let v,i_l denote the highest other type visiting seller k£ — 1, and set U,i_l equal to zero if
no other buyer visits. Then the expected payment conditional on winning at seller kK — 1 is equal to
Elmax{ri_1,vi_;} | vi_; <tr—1] and the indifference condition becomes

e = Blmax{ry_1,v}_1} | vi_; <tp_1]. (17)

This equation involves only two cutoff type values, tx_1 and tx_o. To see this, note that the above
equation only involves the probability distribution of vj_;, which we denote by I'y_;. One can then
rewrite (17) as

th—1
rp = / max{rg_1,z}dlx_1(z). (18)

To describe the distribution function I'y,_1, note that its support is 41 U[tg—2, tx—1] by construction,
since all the competing buyers at seller & — 1 have types on [t;_2,t;—1]. Then
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Oifx <rp_q
1-Py_1\n—1 :
(=) tifa € [rp_1, th2)
Fk_l(x) = 1-P, 1+F(1)1F(tk—2) L
1t
( TP, ) ) if ¢ € [to—2,tp—1)
lifz >1t,_4.
This distribution function depends only on ¢;_; and ¢x_o and the reserve prices, since Py and Py_1
are only functions of ¢;_1 and ¢j_s. Therefore, equation (18) involves only those two variables. Denoting
the right hand side of (18) by §,_; this equation can be rewritten as

Bro—1(te—1,th—2,Tk—1) = Tk

ﬁk 1 9Bk—1

<05 >0 and thus the implicit function Theorem can
be used to describe t,_o as a contmuously differentiable function of ¢,_; and also to conclude that

gii 2 > (. First, we show that 86’“ L

order stochastic dominant change in distribution function T'y_;. To see this note, that T'y_1(rg_1) =
Ftg_1)—F(ti_2)
1—Pj——k=l)7Vk—2)

We now proceed to show that

< 0. To establish this we show that a change in t;_o causes a first

( 1—P:71 )"~1 is a decreasing function of t;_5. Moreover, for all € [ty_2,t5_1) it holds
that
1— P, + F(z)—F(tk—2) 1P — F(ty—1)—F(x)
kal(m) _ ( k—1 k—1 )n—l — ( k k—1 )n—l. (19)
1-P, 1-P,

Let tj,_o > t_o denote two possible values of the (k —2)nd cutpoint. Then since the formula (19) does
not depend on tj_o, it must hold that for all € [tx_o,tx—1) the two distribution functions are equal:

i1 (z) = Tpy(a).
Moreover, for all © > ,_; it holds that fk_l(:c) =Tk_1(x) = 1. As we have already note above

1- P, — F(tk—llz:f(tk—2)

n—1
-, )<

Fi—1(re—1) = (

1- P, — F(tk—lz:f(;k’—Z)
1- P

<( )" =T 1 (1)

Also, by strict monotonicity of I'y_1 on [tk_g,fk_g] it follows that for all = on that interval

T 1(2) < Tho1(fr2) = Th1(fp_2) = Tr_1 (),

where the first equality follows because the right hand side of (19) does not depend on the (k —
2)nd cutpoint, while the second inequality follows from the fact that when the (k — 2)nd cutoff
takes value ¢_o, then no buyer with type lower than ¢_, visits. Putting all these observations to-
gether implies that I'y_; first order stochastically dominates Fk 1 and thus £y, (tk—1,tk—2,Tk—1) =
fat’“’l max{ry_1,2}dlr_1(x) > By (te_1,tp—2,Th1) = f;/k’l max{rk,l,x}dfk,l(x). Moreover, it is
routine to establish that 8, _; is differentiable in its second component, and that its derivative is always

strictly negative.
ﬁk 1

Now, we show that > 0. For this it is sufficient to show that 'y _1 is decreasing in t5_;. First,

1-P, = k-1 F(tp1)+k—1

L-Pey |k Flte) = Fltes)

F(z)—F(tj_2)
. . . .. 1-Py_1+—————— . .
is clearly decreasing in tj_1. A similar argument shows that . ey Bol is decreasing as well,

which concludes this step and shows that given the reserve prices and t;_; there is a unique cutoff
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ti_o that is a candidate for an equilibrium in the buyers’ stage game. Moreover, t;_o is a differentiable
s > 0.

Now, one can write up the indifference conditions corresponding to cutoff type t;_o. This condition
involves only three endogenous variables: t¢;_3,tx_o and tx_1. To complete the inductive steps one

would need to conclude that
0By s _ o Wus Wiy

Oti—3 T Otp_1 Otg—o

function of t;_; and

> 0. (20)

These inequalities together with the property of the implicit function from the previous step % >0

imply that one can again use the implicit function theorem to describe t;_3 as a function of ¢;_; and
also that % > 0. The proof of the inequalities in (20) again follows after establishing stochastic
dominance of the distribution of the first order statistics. The distribution of the first order statistics

can be written as

Oif x < rp_o
(F=p=2)" 1 if @ € [ra, ty-3)
Th_a(x) = 1Py gt F@=Flk_s)
( e ko2 )nil ifz e [tkfg, tk,Q)
lif x> tp_o.
It takes almost an identical argument as above to show that I'j,_5 is increasing in ¢;_3 and then first

order stochastic dominance implies that indeed %f:_’j < 0. Establishing that Oz Ob-s

Dt Dl 0 is done

by a slight modification of the proof in the first step (for function T'y_1).
Iterating the above arguments, one can use k — 2 indifference conditions corresponding to cutoffs
tk_1,tk_2,....,t3, 2. This procedure yields that all the cutoff values ty_o,tx_3, ..., t2,t1 can be expressed

as a continuously differentiable function of ¢;_; with a?:i - >0 for all j =1,2,...,k — 2. Then one can
use the indifference condition corresponding to type t; to obtain that

Bty tay oo tem1,71, 72, o0 Tho1, Th) = T1.
As before the stochastic dominance argument implies that for all j =1,2,....k — 1

98,

> 0.
ot

Substituting the implicit functions for lower cutoff types (as a function of ¢;_1) one can rewrite the
above equation as
Bi(te—1,71,72, s Th—1,7k) = By (t1(te—1), t2(tr—1)s ooy tko1, 71,725 ooy Tk—1,Tk) = T1.

8(3;? = >0 holds and the implicit function theorem can be used to obtain a
continuously differentiable function ¢x_1 (71,72, ...,7%). Then using the previous function one can obtain
continuously differentiable functions ¢;(r1,rs, ..., %) for all j = 1,2, ...,k — 2 as well. This concludes the
proof of continuous differentiability for the case where all reserves are different. Now, if two reserves are
equal, 7; = ;41 the above procedure does not guarantee that when we increase r; the same derivatives
apply as when we decrease it. (Indeed this is not true in general!) Therefore, at those points only right
hand and left hand derivative exist.

This proof also implies that since 8?5 -
equilibrium cutoff vector exists for any vector of reserve prices. Moreover, if rp > r,_1 then if 7y is
slightly changed then the ranking of the sellers remain unchanged, and thus continuous differentiability
in 7, in the claim of Lemma 3 follows from the above argument. Continuity of the derivatives thi in
ri,1# k,j7=1,2,...,k — 1 follows also from the above argument., since all the indifference conditions
(the 5 functions) are continuously differentiable in r;.

Finally, we prove the comparative statics results stated in Lemma 4 for the case where r; > 74_1.
Take two situations where the first & — 1 sellers have their reserve prices fixed and seller k considers

Then by the above results

> 0 there exists a unique solution, and thus a unique
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choosing between 1, and 7. Variables without tilde refer to variables in the case where seller k£ posts
r,, while variables with tilde refer to the situations where seller k posts 7. Supposing that r, > rg,
and t;_1 > tp_1 hold at the same time we establish a contradiction below. If seller k posts ry, then
there are less buyers visiting seller k and the reserve price is also lower compared to the situation where
seller k posts 7. Therefore, it must hold that

ula+1) > u(a+1). (21)

Let Q(z) and Q(m) be the probability that a buyer with type = obtains the object when the reserve
price is 74, or 7,.'% The envelope theorem implies that

v (z) = Q(z) (22)

and _
o' (x) = Qz). (23)
Since by assumption t;_1 > ti_1 therefore for all the types x > tj_1 it holds that

) = Ole) = (F(x) + (1~ ()",

since type x loses if and only if there is a higher type visiting seller k, which occurs with the same
probability in the two cases. Therefore, the last four formulas imply that

w(tr—1) > u(tr—1)- (24)

Now, for the same reason as before it holds for all x € (fk_l, tp—1) that

() = (Fla) + 20— P
However, for all x € (t~k_1,tk_1)
) = (F(a) + 1 (Pl 1) ~ F(a)) + (1= Pt )",

because the probability that another buyer with type between = and ¢;_; visits the same seller as type
x (seller k—1) is 1/(k—1). A simple comparison yields that Q(z) > Q(x) and then (22), (23) and (24)
imply B B

”U,(tk_l) > ﬂ(tk_l). (25)

Now, suppose that t~k:2 > tx_o. Then a similar argument as above implies that for all = €
(tx—2,tx_1) it holds that Q(z) > Q(z) and thus @' (x) > «/(x). Then (25) implies that

w(Fes) > UTp_s)- (26)

By construction it is optimal for type ti_o to visit seller & — 1 when seller k posts a reserve price of 7.
Also, since t_1 > tk 1> tk 9 > t_o it follows that it is optimal for type tk 5 to visit seller £ —1 when
seller k posts a reserve price of 7. Let us compare u(tk,g) and u(tk,g) directly. Since t_o > tj_o and
th_1 > tp_1, it follows that seller k — 1 is visited with a strictly lower probability when k posted 7 then
when he posted r; and simple calculations show that it must hold that

u(;k_g) < ﬂ(fk_g),

16 This probability is the same regardless of which seller a buyer with type z visits among his optimal choices.
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since the reserve price posted by seller k£ — 1 is unchanged.
But the last inequality contradicts with (26) and thus t;_o > tp_o follows. Similar arguments as
before formula (25) then imply that N ~
u(tp—2) > u(tg—_2).

Proceeding iteratively one can show that for all j it holds that for all j =1,2,...,k — 1
tj > tj (27)

and also that for all =
u(z) > u(x). (28)

However, take a low type y € (7"1,51) who visits seller 1 both when seller k posts r; or when he posts
r,. It is easy to see that if the cutoff values decrease then he is better off, because seller 1 is visited
with a lower probability. Therefore, (27) implies that @(y) > u(y), which contradicts (28) establishing
that % > 0. The result that 8%&_2 > 0 can be established by a similar iterative argument, which
we omit. The claim that u(z) decreases in 7 for all © > ¢;_o follows also from the envelope theorem
and the iterative construction employed. Given our other differentiability results it follows that u(x) is
(continuously) differentiable in r, when 7 is not equal to any other reserves. m

Lemma 5 In case 1 it holds for all x > t;_1 that

Ou(x) n—1
0> Dt > TR = 1)f(tk—1)(a+1).

Proof. Let Q(z) denote the probability that type z is receiving an object. Since a type & € (tx—2,tk—1)
visits seller k& — 1, any of the other n — 1 buyers takes the object away from a buyer with type x if
this other buyer has a type between x and t;_1 and visits seller k — 1 or has a type higher than t;_1
and visits seller & — 1. (In what follows we will not explicitly use the superscript I, but all elements of
strategic interaction k,n,t and the reserve prices depend on [.) Using Lemma 1, the first possibility
occurs with probability w, while the second occurs with probability % Therefore,
any given other buyer does not take the object away from a buyer with type z with probability
F(tk_l)fF(SC) . 17F(tk_1) k—1 + F($) F(tk_l)

1— = — .
k-1 k kT k-1 kk-1)

Therefore, considering the case where none of the other n — 1 buyers take the object away from a buyer

with type x one obtains

k-1  F(z) F(tk-1)
k kE—1 k(k—1)

After differentiation we obtain that for all z € (tx_2, tk—1)

Q) = ( )"

09(x) n—1 k-1 F(x) F(tp)

T = k—1 k(k—1)

oy k(k—1) )" 2 f (k) (29)

A similar argument implies that for all x > t5_4
1 L
Qz) =1 - (1= F(2)) g (30)

which does not depend on tj_1.

Let € (tg—2,tx—1) and calculate the utility such a type achieves in equilibrium. The prob-
ability that no other buyer visits seller k& — 1 is (% + Fg:i‘l?) — ig;’ff)))"_l, in which case the
buyer with type x pays rp_; for the object, which he wins for sure. The probability that g €

{1,2,...,n — 1} other buyers visit seller £ — 1 and all visitors have types less than x is (";1)(% +
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F(ty—2)  F(tg—1) )n—l—g( F(2)—F(tk—2) )g
k—1 k(k—1) k—1
the largest valuation among all the g — 1 other buyers who visit seller & — 1. Therefore, his (expected)

utility can be written as

. In this case the payment of a buyer with type z is equal to

E—1  F(tk—2) F(tr—1

@) = (% h—1 k(k—1)))n_1(gc_r’““_l)+
= 1)+ G) - Ty T ST o ply [y € ftaual)

V(x—Ely' |y y® € [thos, 2], y" > v +...
(31)

Now, take the decision problem of seller k in terms of choosing t;_1, (which we can do since tj_1
and 7, are in a one-to-one relationship by Lemma 4) and let us calculate the utility change of a type
when seller k decreases his decision variable t;_; slightly. One needs to allow all the other cutpoints to
change to accommodate the change in t;_1, and thus when derivatives are taken with respect to t;_1
these indirect effects are also taken into account in what follows. Fixing x at the initial value of tj_o
we obtain that

(At 4 g2 - B yn=2(P(a) — F(ty ) (@ — Ely | y € [tr—2,2])))
Otk—1

n—1 k—1 F(t ,2) F(tfl) n— F(.’E)—F(t ,2>
+< 2 )( o it v DA Gy i

|I:tk—2: 0,

because F(z) — F(ty—2) = * — E[y | y € [tk—2,2]] = 0 when © = t;_5. The derivatives of the other
terms of u(x) at x = t;_o, except for the first one, are zero for the same reason and thus!”

Ou(x) n—1 k—1 F(tx_a) F(tx—1) Otp_2 flte—1)
k

Otrp—1

oy = o T Th=1 Ry 2T

Now, by Lemma 4, it follows that g:(z

ftr—2)— )- (32)

) lo=t,_,< 0 and gi:j > 0, therefore

k—1
n—1 k=1 F(tr—2) F(ti—1) n_o
< - thoo — T
=TT T weon) W2y
n—1 k-1 F(ty2) F(tpi-1). ,_o
< - _ - —_ — .
= k:(k—l)( P k(k—l)) (th—2 — r—1) f(tk-1) (33)
Then revisiting (32) yields that

>8u(x) | o n—1 (kfl Ftk—2)  F(ty-1)
T Oty TT  k(k—1) k k—1  k(k—1)

Otp—1

0 )" (th—z — rr1) f (t—1)- (34)

Using the envelope theorem we obtain that for all x > z

and thus

ou(z)  Ou(x) /m 0(y)
= a=ty_o T dy.
Oty_1 Oti_1 o=t e o Otk_1 4

Formulas (29) and (30) imply that for all > ¢;_; it holds that

Ou(z)  Ou(x) n—1 * k=1 F(y) F(tg—1)
Ote—1  Otp_1 o=t Ck(k— 1)/ e k(k—1)

)" f(tre-1)dy.

tp—2

I"When calculating the utility of type x (fixed at the initial level of t_5), we are using that when ¢,_; decreases, then
tr_o decreases as well, so a type x that is equal to the initial value of t5_o still visits seller k — 1.
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Then (34) implies that for all z > ¢, it holds that

Ou(x)
0= Otk =
= _kz;c:ll) (k ; 1 F]iti_f) - ]igk__ll)))nQ(tk—z = T—1) f(te—1)—
n—1 k=1 F(y)  F(te-1) .,
Ck(k—1) /t“( F k-1 k(k- 11)) *f(tk-1)dy
F

Using that (22 + F(,:ﬁ’f) - ig;’tll)))"_Q < 1 and f:;iz(% + kTyl) - 1;52’1’11)))”_2 <landz <a-+1

implies together with the above formula that indeed
ou(x) n—1

02 7—=2 TR 1)f(tk71)(a+ 1).

Lemma 6 If q sellers post the highest reserve price 7y, then if any single seller (seller k) of those q
deviates in such a way tp_q decreases below the original value, then it holds that

ot du(z) _ pf(te—q)k
b= / T gy, It 2 "G 20— 1

Proof of Lemma 6:
Proof. Note that
Ou(a+1)  Oula+1)0ty_qi1
Oti—q Olp—gqr1 Oti—q

and that since type a+1 visits the sellers who posted the highest reserve price and that reserve price does
not change when seller k decreases ry, slightly, therefore u(a + 1) changes only because t;_,41 changes.
Let us show now that %ﬂ is uniformly bounded. To see this, let A(x) denote the probability that
no other buyer with type above z visits seller £k — ¢ + 1, the seller that the highest type, a + 1 visits

with positive probability. Then for all £ > tx_q11

(35)

k=1 F(x),
Az) = ( : + . v
Then +1
k—1  F(tx_ e
u(a+1) = ( —+ ( kkqﬂ))"*l(a +1—rk_gt1) +/ A'(z)(a+1—x)dx
tk—q+1
and

Ouatl) = (n ; D) (k ; ! + F(tk];qﬂ) )" (t—q1) (th—gt1 — Th—g41) < pf (to—qs1)-

6tk’*q+1
Therefore, the last equation and formula (35) imply that

pf(tigk _ du(a+ 1)
G- D o, S )

Let Q(z) denote the probability of winning for a buyer with type . For & > t;_441 it holds that

_1-F(z)

Qz) = (1 -

)n—l_
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Using the envelope formula,

Therefore, for all z > t5_441

Ou(z)  Oufa+1)
8tk_q B 8tk_q ’ (37)

Using formulas (36) and (37) implies that indeed

D ol dula+1
0 Z/ fa) u(x) I :/ f(@m gty da =
t

f—aq Oti—q ti—q Otk
« ywoula+1) _ Ou(a+1) pf (tk—q)k
= (1—F(t;_ > = '
( (tk q)) Otk—g — Otik—q — (k—q)(g—1)

[

Proof for Case 2:

Proof. In Case 2 the main difference is that with positive probability there may be g > 1 sellers who
post the highest reserve prices. The proof below establishes exactly that if there are ¢ > 1 sellers who
post the highest reserve price, then any of those g sellers find it profitable to decrease his reserve price.
First, take the case where ¢ = k, i.e. all the other sellers post reserve price 7, as well. As we show
it in the Appendix in the proof of Theorem 2, seller k£ has an incentive to decrease his reserve price if
K > % But this threshold is approaching zero and thus if the market is large enough, seller
k has an incentive to decrease his price for any positive 7.

Otherwise (if ¢ < k), let 1 <719 < ... < 7p_go1 < Fp—gq < Th—g+1 = ... = T, < 6 + 1, and suppose
that seller k decreases 7 slightly. In this case Lemma 1 implies that after this change seller k is visited
with probability k—;q—‘rl by types between t;_, and t;_q41 and with probability % by types larger than
tk—q+1. When ry is at the original level (and thus rg_g+1 = ... = 7%), then of course tx_q = tg_q+1, but
when 7, is decreased then t;_4 < tr_q4+1. The following useful result helps the analysis below!8:

Lemma 7 The cutoff values are differentiable in ri from the left hand side, i.e.

lim tj<r17 7250y Tk;) - tj(Tl, T2y uny ’I")
r/Tk TE—T
exists for j = 1,2,...,k — 1. Moreover, it holds for the left hand derivatives that ag;;q >0, 3@5;;14 =0

and %};’i < 0. Moreover, for all x > t;,_,—1 it holds that 82—5:6) < 0.

Because of the above lemma, instead of r one can take ¢;_, as the choice variable of seller k. Take
a buyer with type = that is equal to the original value of ¢;_,_;1. For that type it is optimal to visit
seller £ — q. Suppose that t;_, goes down and thus ¢;_,_; goes down as well by the Lemma 7. Then
for type z it is still optimal to visit seller £ — ¢q. Lemma 6 implies that we can bound the utility effect
of such a change as:

ot du(z) pf(te—q)k
02/ flz e dp > T 38
T N = TRy (%)

We first provide a uniform convergence result for the case where ¢ is not too small. For all z > t5_q—1
let G(z) denote the probability that seller k sells to a buyer with type less than = or does not sell at

all and let g(z) = ‘Z—f denote the corresponding density function. If > ¢;_441, this event happens

18The first half of the Lemma is a direct consequence of Lemma 3. The proof of the second half is very similar to that
of Lemma 4 and is thus omitted.
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if and only if no buyer with type greater than z visits seller &k, and thus G(z) = (1 — %(z))” For
T € [tg—g,tk—q+1) the following holds:

1 F(tk—g41)  Fllegr1) — F(z)

Gz) = 2 R

The expected revenue of seller k as the total surplus generated at seller k£ minus the total utilities of
the types visiting seller k or

Ry =W, — Cy,
with
a+1
Wi :/ xg(z)dz
th—g
and

L i@t [ tu@) )
C’k:n/ —uxfxdw+n/ —u(z) f(z)dz,
tk—q k—q+1 th—q+1

since types above t_q41 visit seller & with probability 1/k and types in [ty_g, tx—q+1] visit with prob-

ability k%qﬂ. It is useful to describe the utility cost in an alternative way using the function u* that

describes the utility of a type conditional on obtaining the object from seller k:

a+1

Cr :/ u*(z)g(x)dz.
th—q

Note that type t;_, obtains the object from seller k if and only if no other buyer visited seller k£ and

thus his utility conditional on obtaining the object is u*(tx—q) = tk—q — 7. With this formulation (and

explicitly recognizing the cutpoints) one can rewrite the revenue as

eean . n 1= F(ti—gr1) Flth—qi1) = F(2),,_
Wk_/tkq ($—U($))k_q+1( — ’ + o k_Jrq+1 ) lf(CL')d:I:—l—
a+1 n _ "
[ @@ - S

Using the above definitions implies that

ORy, n 1-— F(tk,q) 1 /tkq+1 ag(x) atk,qul
= 1— " thg)TE — T —u*(x dz
8tk—q ke — q + 1( k ) f( k q) k b ( ( )) atk—q+1 atk—q
Otk—g+1 1 1, n /“‘H ou(x) n th—at1 Ou(x)
+——f(tp— —_— =) — = flz dx — / f(x dx.
8tk_q ( q+1)(k’ —q+1 k') k gt )atk_q k—qg+1 thg 8tk_q
We need to evaluate this derivative at the point where 7, = 7,1 = ... = Tp_441 and thus {4, =

tk—q+1 = U}, where ¢ stands for the original cutpoint. Therefore,

ORy, _ n 1-— F(tz,q) D1 ek
8tk—q |tqu:t’t*q_ _k; —q+1 (1 - k ) f(tk—q)rk"‘
Otk—q+1 . 1 1. n ot ou(x)
+ Dtn_y |tk—q:t27q f(tquJrl)(k —g+1 - k) % /t;;_q f(z) Dtr_g |tk*q:t27q dx.

Using that ¢ > 1 and Bg"t'%_:rl < 0 by Lemma 7 and formula (38) yields that

a+1
— n—1 * n Bu(x)
Oti—q ltema=ti_, <~ G P A S —/t f(z) I

]f ;; atk_q
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n 1—F(ti_,)

B (1 pf(ti_g)n
k—qg+1 k

(k—q)(g—1)

)" () +
if
k—q+1 < (1-— 1_F(t2*q))nflr_k
(k—q)(g—1) k P’
On the other hand if £ > 2

_ F(4
-y o Les - Ly

Therefore, it is sufficient to show that

k—q+1 (1 Tk
(k—q)g—1) 4" p

Let ¢* solve q*_2_1 =T and let ¢ > ¢* + 1. Then since k — g > 1 it follows that

k—q+1 2
<
(k—q)(g—1) ~¢—-1
and thus for any value of k > 2 and any reserve prices posted by the other k — ¢ sellers who did not

post g, if ¢ > ¢* + 1, then seller k£ has an incentive to reduce his reserve price.
Next consider the case where llim q < q¢* < oo. Note, that in this case it is sufficient to show that
—00

<T

the left hand derivative of Ry (when ry is maximal) is negative for all ¢ < ¢* if k& > k(q), because then
letting k = max{k(1),k(2, ..., k(¢*)} may serve as a uniform bound, so that convergence is uniform in
q.*° Let n denote the probability that a given other buyer does not visit seller k — gq. Then

F(th—q) = F(tk—q-1) _ F(tquJrl) - F(tqu) _ 1 — F(tk—q+1)
k—gq k—qg+1 k

n=1- (39)

by using Lemma 1. A similar argument as before (31) implies that

F(w) — F(tk—q—l)

P 1" 2By | y € [th—g-1,2]] + ..

w(@) = 0" th—g1 = Th—g) + (= 1)

Similar argument as after equation (31) implies that all the terms except for the first one are higher
order in ¢;_q—1 when x is close to ty_4—1. Therefore,
Ou(x)
Oty—q

_dn_
dtk,q’

|x:tk7q71: (n— 1)77n72(tk—q—1 - Tk—q) (40)

where ﬁ:} stands for the derivative of n with respect to t;_, taking indirect effects through t;_q,—1

and t;_q41 into account.
Using (40) and Lemma 7 implies that 6752 1 < (. This implies that
—q

f(tk—q) o _Jr—gr1)(@ = 1) Otp—qn1 n f(tk—g—1) Otk—g—1 (41)

(k—q)(k—q+1) ~ k(k—q+1) Oty (k—q) Otp—q

Lemma 7 also implies that % > 0 and thus it follows from the last inequality that
:—q

f(tqu) > f(tquJrl)(q —1) OM—g+1

(k—q)(k—q+1) ~ k(k—q+1) Oty

19 Convergence is uniform in the reserve prices posted by the other sellers just like in Case 1.
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or

f(tk,q)k 8tk,q+1
> — . 42
Tl ) h— =1 = 0ty ()
Also, by Lemma 7 it holds that 0 > %% and thus
Otp—qs1 flte—q)k
0> - > d ) 43
ey T - a)a— D )

Equation (42) implies that M is bounded in absolute value. Formula (41) implies together with
Lemma 7 that

f(tk:—q) aﬁk:—q—l
AT s f (4, )R
F—qt1 =) tman) Oty_q
and thus ot
k—q—1
=0. 44
l—o0 atqu ( )

Now, we establish that lim gf(fz le=t,_,_,= 0, which is equivalent to (see (40)) lim(n — 1)dtk - =0.

By definition

877 atk q— 1
Oty,— g—1 Oty,— q

dn on on  Otg_g+1
n—1 =(n-1 +(n—1 —— +(n—
(n-1) (1= 1) g + (1= ) g (1)
Using formulas (39), (43), (44) together with ¢ < ¢* implies that indeed lim(n — 1)%’; = 0 and thus

lim 8? x) le=ty_,_,= 0. The envelope theorem implies that for all x > t;_,_1

@) = ultig) + [ T awdy,

tk'qul

where Q(y) denotes the winning probability of type y. It is straightforward to establish that lim g?T(E’) =

0 for all y > ¢x_q—1, and thus it holds that for all = > t_,

Ou(x)

1—00 Otg—q

To complete the proof it is sufficient to show that lim ath > 0, which can be done following similar

arguments as in the other cases. m
Calculations related to Theorem 2:
Proof. Let us duplicate the revenue formula from the main text for our convenience:

—= n

a+1 _ . _ 5
R1=R1(y)=—[/ z(n—l)(l—1 F())"—21 F(z)

k

? k f(z)dz+

U= FONO - § -~ g [ e - e e s

After taking a derivative and evaluating it at y = a one obtains

Ri(a) = [(n—1)a—r(n—14+(k—1)2).

K2k —1)

(n—1)a
(n—1)+(k—1)2

main text. The first order condition corresponding to function Ry can be calculated in a similar fashion.

Therefore, the first order condition R/l(a) < 0 becomes r > r* = as it was stated in the
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To characterize the second order condition, we take a derivative of the revenue with respect to y

and substitute r = r* = % to obtain
Bi) = L0y - LWy L2 T
- g - e - (- PO s (- -
TS S S Iy S
-(1-F(y)) /ay 2—12%(1 - % - k(Z(f’)l) + :Ez)l)"_3f(z)dz].
Let v denote the bracketed term, i.e. (y) = %(3). For the second order condition to hold, it is

%
necessary and sufficient that 7/(a) < 0, since that is equivalent to showing that F; has the correct sign
in a neighborhood of 4y = a. Then we need to inspect

Yia) = (- 1)1 -2k DOy Lyay
A ap@ - 1+ e f -
- e )+ St B gy
H - I s - Dy - s

n—1 L, o n—1 n—2 1

)n73

k_laf(a)(lfg)“*2 k_laf(a)k(k_l)( "

After substituting r* = %, this expression can be rewritten as

v (a) = af(a)A(n, k) — B(n, k).

It turns out that A(n,k), B(n,k) > 0 and thus the condition that 7'(a) < 0 becomes af(a) < a* =

14k
ggzg Moreover, one can establish that the cutoff value is indeed a* = :2712—:n7k- The details of how

to calculate these values are available from the author.2’ m
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