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Abstract

The literature on competing auctions offers a model where sellers compete for buyers by setting reserve
prices freely. An important outstanding conjecture (e.g. Peters and Severinov (1997)) is that the sellers
post prices close to their marginal costs when the market becomes large. This conjecture is confirmed in
this paper. More precisely, we show that if all sellers have zero costs, then the equilibrium reserve price
converges to 0 in distribution. I also show that if there is a high enough lower bound on the buyers’
valuations, then there is a symmetric pure strategy equilibrium. In this equilibrium, if the number of
buyers (sellers) increases, then the equilibrium reserve price increases (decreases) and the reserve price
is decreasing in the size of the market.

1 Introduction

Among others, McAfee (1993), Peters and Severinov (1997) and Burguet and Sakovics (1999) study sellers
who compete by posting second price auctions setting the reserve price as they wish and the buyers decide
which seller to visit given the reserve prices posted.! Peters and Severinov (1997) consider the case where
the market is infinitely large and show that in equilibrium the sellers post reserve prices that are equal to
their production costs. They also show that if there is an equilibrium for each finite market size where the
sellers post identical (and deterministic) reserve prices, then the equilibrium reserve price converges to the
cost of production, which is normalized to zero. However, as Burguet and Sakovics (1999) argue, such an
equilibrium does not exist in the case when there are two sellers and one can extend their argument to the
case of any (finite) number of sellers. Therefore, the equilibrium reserve price in large but finite markets is
not settled by those articles. Hernando - Veciana (2005) shows that if only a finite number of reserve prices
are allowed, then the equilibrium reserve price in large but finite markets converges to the cost of the sellers.
While this result is interesting, it depends on the restriction on the set of admissible reserve prices.

Our paper revisits the question of convergence by providing two results. First, we show that there exist
equilibria (possibly in mixed strategies) and in all equilibria the reserve price each seller posts converges to
0 in distribution (and in support) as the market becomes large. The logic is that as the market becomes
large each seller loses his effect on the utility levels of the buyers and thus has limited incentives to increase
his reserve price. On the other hand, by decreasing the reserve price a seller is able to attract extra visitors.
Since the utility effect is small in large markets, the seller has to just provide a market utility to the buyers
visiting him and can capture the surplus, which is generated beyond that utility level. This extra surplus
stays positive, since each seller has finitely many expected visitors regardless of the market size, and thus an
extra visitor increases the probability of sale increasing the surplus generated by the seller. As a consequence,
decreasing the reserve price offers benefits at little costs to the seller as the market becomes large.

To confirm this conjecture, we need to show that as the market becomes large each seller loses his effect
on the utility levels of the buyers. We consider a game with finitely many players and use properties of the
binomial distribution to derive the desired result. This result has been elusive so far, since the utility of the
buyers is a very complicated polynomial function of the reserve prices and a closed form characterization
is not obtainable. To simplify the problem, we employ a somewhat indirect method. First, we concentrate
on the highest reserve price in the support of the equilibrium. Our aim is to show that the poster of that
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price has an incentive to reduce his reserve price regardless of what reserve price the other sellers posted, if
the market is large enough. By focusing on the upper end of the support, we are able to characterize the
changes in revenues in a much simpler formula, utilizing the fact that the seller posting the highest price is
only visited by the buyers with the highest valuations. Second, we characterize the utility of a buyer type
who does not visit the seller who posted the highest reserve price and thus his utility changes only because
the change in the highest reserve price changes the visiting probabilities of the other buyers. The change of
utility resulting from such a change in visiting probabilities is relatively easy to characterize by appealing to
the envelope theorem. Third, we calculate the change of utility of buyer types who do visit the seller with
the highest reservation price, by using the envelope theorem and the utility of a type who does not visit
this seller. This indirect method establishes that the utility effect vanishes in large markets leading to the
convergence result.

Our second result concerns cases in which a pure strategy equilibrium exist, i.e. where the sellers post
non-random reserve prices, a deviation from the previous literature, which makes assumptions that preclude
the existence of a pure strategy equilibrium. More precisely, the above articles assume that the lowest
possible valuation of the buyers is equal to the production cost (which is normalized to zero in this paper).
Then the first order condition for seller optimality suggests that the sellers choose a zero reserve price, but
then it is costless to increase the reserve price, since only buyers with the lowest possible valuations (which is
zero) are lost. So the second order condition fails and a pure strategy equilibrium does not exist. Therefore,
we consider the case where the lowest possible valuation is positive and provide a sufficient condition for
a pure strategy equilibrium to exist. We provide intuitive comparative statics results and also characterize
the rate of convergence of the reserve price to zero. If the number of buyers (sellers) increases, then the
equilibrium reserve price increases (decreases) and the reserve price decreases in the size of the market. The
equilibrium reserve price converges to 0 at the quick rate of %, if the ratio of sellers to buyers is constant.

2 Model and Analysis

There are k expected revenue maximizing sellers, each with one unit of an indivisible good. There are n risk
neutral buyers, each with a unit demand of the good. First, the k sellers each post a reserve price ry and
then each buyer decides which seller to visit. At seller j the buyers present engage in a second price auction
with reserve price rj.Q Buyer 4 has valuation v; which is distributed on [a,a + 1] according to cdf F and
a strictly positive density f and is independent of the valuation of any other buyers. Furthermore, assume
that the density is bounded and for all = € [a,a + 1] it holds that f(z).

Given that the sellers post second price auctions, it is a dominant strategy for each buyer to submit a
bid equal to his valuation. Therefore, the only decision a buyer needs to make is which seller to visit. We
concentrate on equilibria where the buyers employ symmetric visiting strategies. Formally, for j = 1,2, ...,k
it holds that r; = r and for ¢ = 1,2,...,n the probability that buyer ¢ with type v visits seller j when the
reserve prices are (r1,73,....,7g) is such that wg(v, 71,72, ey T) = T (0,71, T2, ooy T8

We consider the question whether the equilibria of games with a finite number of buyers and sellers
converge to the equilibrium of the infinite game where all sellers post a zero reserve price. First, note that
the profit functions are continuous in the reserve prices. Therefore, standard fixed point theorems can be
used to establish existence of a mixed strategy equilibrium in any game with finite number of buyers and
sellers. Let us start the analysis by characterizing the equilibrium visiting strategies of the buyers given the
reserve prices posted by the sellers.

Lemma 1 Ifry <ry <...<rp_1 <ri <a-+1, then in the symmetric equilibrium in the buyers’ stage game
there exist unique cutoff types max{a,m} =to < t1 <ty < ... <t <ty = a+ 1 such that buyer types
between t; and t; 41 visit the first | + 1 sellers with probability ZJ%I Moreover, if r, > rp_1 then the cutoff
values are differentiable in ri and it holds that % > 0 and a%;‘" > 0. Also, it holds for any © > ti_o
that if ry, decreases, then u(x) increases.

Proof. See the online Appendix. =

2Similarly to Burguet and Sakovics (1999), any mechanism that is efficient when the buyers are symmetric, like first-price
or all-pay auctions, would yield similar result. More precisely, there would still be an equilibrium, where the sellers post reserve
prices as characterized below.



While very high types (above t;_1) randomize between all k sellers, lower types restrict their visits to
sellers who posted lower reserve prices. Very low types (types lower than ¢;) only visit the seller with the
lowest reserve price. The existence of such cutoff types is proved by an extension of the two seller analysis
provided by Burguet and Sakovics (1999). We establish the uniqueness of the cutoff types by making use
of the envelope theorem in an iterative procedure.

We are ready to prove the convergence result discussed above. The proof follows our intuitive argument.
We first show that as the market grows large, each seller loses his effect on the equilibrium utilities of the
buyers. Then we conclude the proof by showing that serving an extra type has a non-vanishing positive
effect on welfare, which is thus captured by the seller as revenue in the limit.

Theorem 2 Take a sequence of games where llim k', n! = oo and for all | it holds that Z—; < p for some

—00
p > 0. Then for any sequence of equilibria where the buyers use symmetric strategies, the reserve prices
posted by the sellers converge to zero in distribution.

Proof. Take a sequence of games characterized by the number of sellers k' and the number of buyers n'!

and assume that k!, n! — oo as [ — oo. Denote the support of the equilibrium strategies of seller i as [c}, d']
and denote the density function of the equilibrium reserve prices® by hé and the corresponding distribution
function as Hll Note, that it is without of loss of generality to assume that the support is a closed interval,
i.e. it is a best response to post reserve price db because the game between the sellers is continuous in the
reserve prices.
Case 1: First, assume that the equilibrium bid distribution does not put positive probability on d., i.e.

for all ¢ and [ it holds that

lim H!(z) = 1.

m/dé
Let m(l) € {1,2,...,k'} be such that dlm(l) > dé» for all j. Then by posting a reserve price dlm(l), seller m(l)
posts a higher reserve price than all other sellers with probability 1 and thus receives visits from buyers
with type above t;_1. We show below that if seller i posts a positive reserve price v\ such that ! > ré for
all j # i, then he can profitably decrease his reserve price if | is large enough. One needs to establish a
uniform bound on the market size exists, that does not depend on the reserve prices posted by the other
sellers. This would imply that for a large enough [ it is not profitable for seller m(l) to post dlm(l) > 0 and

thus llim dﬁn =< 0 must hold. However, it is routine to show that posting a negative reserve price is never
— 00

optimal and thus for all 7 it holds that
lim cé = lim di- =0
l—o0 l—o0

as claimed.

First, let us the denote the (expected) revenue of seller k as Ry(r1,72,...,7%). Extending the argument
from Burguet and Sakovics (1999), one can show that for any vector of reserve prices the left hand derivative
of 7 with respect to 7 exists. Moreover, if r; < rp then this left hand derivative is continuous in 7;. Let
r; < r; if 1 < j and assume that that r,_; < r,—¢g41 = 7%. Then using the continuity of the left hand
derivative in r; for all ¢ < k — ¢, it follows that it is sufficient to prove that there exists an « such that
%% < a < 0 for a sufficiently large k for all vectors of reserve prices where r4_q—1 < ri_g, since then
continuity would imply that the derivative stays (strictly) negative when ry_q_1 = 75_4. Therefore, it is
sufficient to consider reserve price vectors such that rp_q—1 < rp—q < ry—g+1 = 7 and prove that seller &k
has an incentive to decrease his reserve price if r, > 0 and k is large enough.

In case 1 it holds with probability 1 that ¢ = 1 and thus it is sufficient to consider reserve price vectors
such that ry_o < ri_1 < 7 holds. As a first step we characterize the change in utilities of the buyers who
visit seller 4 = m(l), if seller i reduces ¢;_1 slightly by reducing his reserve price slightly from d;. Using the
incentive conditions of the buyers one can establish that for all > t;_; it holds that

ou(x) n—1

0> T Z_k(kil)f(tkfl)(a‘i‘l)- (1)

3The language of the proof implicitly assumes that we have a mixed strategy equilibrium, but the case of pure strategies is
covered in case 2 in the Appendix.



(For the proof of this result see Lemma 4 in the Appendix.)

We can now calculate the expected revenue of seller k as the total surplus generated at seller £ minus
the total utilities of the types visiting seller k. For all > t;_1 let G(z) denote the probability that seller
k sells to a buyer with type less than = or does not sell at all. This event happens if and only if no buyer
with type greater than x visits seller k, and thus G(z) = (1 — %@))" Letting g(z) = a_fr the total surplus
generated at k is

a+1
Wy = / xg(x)dx.
te—1

Since such types visit seller k& with probability 1/k it follows that the sum of utilities generated at k can be
written as
a+1 1
Cr = n/ Eu(:r)f(:v)das
t

k—1

Then the expected revenue is R, = W) — Ci and one can assume that seller & maximizes ﬁk = %Rk. It
holds that

1— F(tg—1) Ou(x)

Otr—1

OBk f(tyn)l(1 -

— = . 2
T dx (2)

a+1
VUt — ulte 1)) — / f(x)

th—1

#M)"’l and pays 7y at seller k it holds that

Since type tx—1 wins with probability (1 —

1— F(ty_ _
ultyor) = (1 - Ty
and thus | Fltey) | Fltpy)
(1= —— )" (timr — ultyr) = (1= ——==)" 7 (3)

Using (1) and (3), one obtains from (2) that

ORy, 1= F(tp—1),_y n—1

< —f(tp—1)(1 — ————4)" ——f(tr— 1).
T J(te—1)( A ) Tk+k;(k;—1)f(k 1)(a+1)
Inequality 3+ < p implies that for all k£ > 2
1— F(ty_1) 1, 1., 1, 1

1— Uyl 5 g - 2yl > (= 2)ke > (1 = 2)20 = (2P,

R e (IS L (R L
Therefore, for all [ such that # < p (and k > 2) it holds that

Ry 1 0
Ot_1
< —rp(5)P + a+1) <0,
oy URRTE
if )
NCh) (4)
ri(5)?

Therefore, it is profitable for the seller to decrease t;_1, (which is the same as decreasing i, because the
variables are one-to-one by Lemma 1), if [ is large enough so that k& > max{m%ﬂ}. Note, that the
established convergence is uniform, i.e. the required ! does not depend on the reserve prices posted by the
other sellers (as long as they are strictly less than ry).
Case 2: Now, assume that the equilibrium bid distribution may put positive probability on dé, i.e. it does

not hold that

lim lim H'(z) = 1.

l—oox /dl

The proof is given in the Appendix. m



Using the above argument one can also show that the rate of convergence is fairly quick under our
assumptions. Inspecting formula (4) that is valid in case 1, suggests that the upper end of the equilibrium
reserve price distribution 7 satisfies if 7 < % for some constant D. In other words, we can provide an upper
bound for equilibrium reserve prices that is inversely proportional to the market size as measured by the
number of buyers k. The proof for Case 2 in the Appendix shows that his result holds there as well.

It is our conjecture that the conclusion of Theorem 2 (convergence) would also hold under the weaker
condition that -

. n—
e =~
but a proof is currently unavailable. We will see in the next Section that this condition is sufficient in the
case when a pure strategy equilibrium exists.

It would also be interesting to consider the case where the sellers are heterogenous in their production
costs. While a formal analysis is beyond the scope of this work, the logic behind the last Proposition seems
to extend to this case as well. More precisely, our proof can be directly adapted to show that the seller with
the highest cost (also the one with the highest reserve price) must post a reserve price that converges to his
cost of production as the market becomes large. However, a convergence result for sellers with lower cost
levels does not follow directly.

3 Symmetric pure strategy equilibrium

Let us address the question whether an equilibrium exist for a given f, n, k, a where sellers use pure strategies.
Burguet and Sakovics (1999) established that when a = 0 and there are k = 2 sellers, such a pure strategy
equilibrium does not exist. For reasons of tractability, we concentrate on symmetric pure strategy equilibria
where the buyers employ symmetric strategies and the sellers play symmetric and pure strategies all posting
reserve price 7 > 0. In what follows we assume that r < a in equilibrium and thus all types are served.* In
the online Appendix we establish the following result:

Theorem 3 There is at most one symmetric pure strateqy equilibrium of the game. In the symmetric pure
strateqy equilibrium each seller posts a reserve price

(n—1)a

O ECES ?

A necessary condition for such an equilibrium to exist is that

k—1+nk

>qf = — k|
afla) 2" = s

As Burguet and Sakovics (1999) have already pointed out, the first order conditions are not sufficient
for seller optimization when a = 0. In that case the local second order condition fails and a symmetric pure
strategy equilibrium does not exist. In the online Appendix we provide sufficient conditions for existence
of a symmetric pure strategy equilibrium. Unfortunately, a simple condition stated on the primitives is not
available, but we prove that if there are n = 2 buyers, then it is sufficient if F' is convex, and we conjecture
that convexity of F' is sufficient for any n, k.

Let us provide an intuition for why the second order condition of seller optimization fails when a = 0,
but may hold when « is large enough. When all sellers post the same reserve price r, then by unilaterally
increasing his reserve price seller 1 will be visited with probability 1/n by all types above y. Therefore, one
can think of y as being the choice variable of the seller. When seller 1 chooses r himself then y = a, but
when he chooses a reserve strictly above r then y > a and seller 1 loses the visitors with types between a
and y. The key is to understand the costs and benefits of increasing y from a to a + €, i.e. increasing the
reserve price slightly above r. If seller 1 had two buyers visiting in the situation when y = a and one of them
had type less than a + ¢, then by increasing y to a + € seller 1 loses a revenue of a — r approximately. If
seller 1 is visited by only one bidder, whose type is greater than a + ¢, then seller 1 pockets a gain that is

40ne can show that there is no symmetric pure strategy equilibrium where this condition fails.



equal to the increase in the reserve price. Finally, if seller 1 is visited by only one bidder, whose type is less
than a + ¢, then seller 1 loses a revenue of r. Note, that as a increases both r and a — r increase and thus
as a goes up it becomes more costly to turn off potential buyers by increasing ;. On the other hand, when
a =r = 0 it is barely profitable to attract an extra buyer with valuation very close to a and thus increasing
the reserve price is costless.

Theorem 3 implies that as the number of sellers (buyers) increases the sellers post lower (higher) equilib-
rium reserve prices to compete effectively. The equilibrium reserve price decreases in the size of the market
due to the fact that each seller has less effect on the equilibrium utility levels of the buyers and thus increas-
ing his reserve price becomes less appealing for each seller. It holds as before, that if the market grows large
(and lim ﬁ = 0), then the equilibrium reserve price converges to zero.

4 Conclusion

Our contribution to the literature on competing auctions is twofold. First, we analyze the case of large
markets and show that as the market becomes large, the utility effect of each single seller approaches zero.
Therefore, as long as his reserve price is larger than his cost, it is strictly profitable for each seller to attract
extra buyers by decreasing his reserve price. Hence in large markets, the sellers post reserve prices close to
their production costs. We extend this result also to the case where a pure strategy equilibrium does not
exist. The major contribution here lies in that we show that the reserve prices posted in large, but finite
markets converge to production costs; an analysis that has not been provided before. Second, we provide
conditions under which a pure strategy equilibrium exists and provide explicit solutions for the case of finite
markets. This allows us to obtain intuitive comparative statics results, showing that if the number sellers
(buyers) increases then the equilibrium reserve price goes down (up), and as the market size increases the
equilibrium reserve price decreases.

5 Appendix

Lemma 4 In case 1 it holds for all x > ty_1 that

Ou(x) n—1
0> T Z—k(k_1>f(tk—1)(a+1)-

Proof. Let Q(z) denote the probability that type x is receiving an object. Since a type = € (tg_2,tx_1)
visits seller £ — 1, any of the other n — 1 buyers takes the object away from a buyer with type z if this other
buyer has a type between z and t;_1 and visits seller £ — 1 or has a type higher than t;_1 and visits seller
k —1. (In what follows we will not explicitly use the superscript I, but all elements of strategic interaction
k,n,t and the reserve prices depend on [.) Using Lemma 1, the first possibility occurs with probability
F(t’“l—)l(x) while the second occurs with probability M
take the object away from a buyer with type x with probablhty

F(ty—1) — F(z) 1—=F(tp-1) k-1 n F(x) B F(tr—1)

1= k-1 B k Tk k-1 kk-1)

Therefore, any given other buyer does not

Therefore, considering the case where none of the other n — 1 buyers take the object away from a buyer with
type x one obtains

k-1 Fz) Fltei).,
Qx) = - n—L
@)= T T R
After differentiation we obtain that for all z € (tx—2,tr—1)

0 (z) n—1 k-1 F() F(t-1)

atk,l__k(k—l)( k k—1 k(k—1)

)" (tk-1)- (6)

A similar argument implies that for all x > ¢4

() = (1 - (1 F())", 7)



which does not depend on tj_1.
Let x € (t—2,tx—1) and calculate the utility such a type achieves in equilibrium. The probability that

no other buyer visits seller k — 1 is (&2 + F(,:ﬁ’f) - I;EZ’“:f)))”_

! in which case the buyer with type z pays
ri—1 for the object, which he wins for sure. The probability that g € {1,2,...,n — 1} other buyers visit seller

k — 1 and all visitors have types less than z is (";1)(% + % - %)"‘1_9(W)g. In this
case the payment of a buyer with type x is equal to the largest valuation among all the g — 1 other buyers

who visit seller k — 1. Therefore, his (expected) utility can be written as

k—1  F(tk—2) F(tg—1)

u(w) = (o ) e e

Eol, Fla)  Flie) oo F(@) — Flio)

ROl S ey el B re—

+<ngj>(k;1+F$ff»_;giib"4%Fmﬁ;j?m?ﬂ)%x—Ewlhfw2€Hk2A$y1>yﬂ%%~($

Ely |y € [tk—2,]])+

Now, take the decision problem of seller k in terms of choosing t;_1, (which we can do since t;_; and
r) are in a one-to-one relationship by Lemma 1) and let us calculate the utility change of a type when
seller k£ decreases his decision variable t;_; slightly. One needs to allow all the other cutpoints to change to
accommodate the change in t;_1, and thus when derivatives are taken with respect to t;_; these indirect
effects are also taken into account in what follows. Fixing x at the initial value of t;_o we obtain that

O((kt + Kl - Blemyn=2(p(z) — F(ty_p))(x — Ely | y € [ta—2.2])))
815;671 F=te—2

:07

because F(x)— F(tg—2) = x—FEly | y € [tk—2,x]] = 0. The derivatives of the other terms of u(z) at © = tj_o,
except for the first one, are zero for the same reason and thus®

Ou(x) ~on—1 k=1 F(tpg2) F(lp-1) o Otp—2 flte—1)
Otr_1 |$:tk—2_ (k — 1)( L k—1 k(k — 1)) (tk—Q Tk_l)(atk,1 f( /f—?) k ) (9)
Now, by Lemma 1, it follows that "(m) lo=t,_,< 0 and m’“ 2 > (), therefore
n—1 k-1 F(tk_z) F(tk_l) 9 Otp—_o
0< - "ty — T tp—2) <
n—1 k—1 F(tk_g) F(tk_l) n—=2
< — o — Tk _1)- 1
< k(k—l)( k 1 k(k—l)) (th—2 — T—1) f(tk—1) (10)
Then revisiting (9) yields that
Ju(z) n—1 k-1  F(ty—a) Ftk—1) p_o
2 = - - .
0= at o1 |:E =tp—2= k(k — 1)( 2 kL—1 k(k — 1)) (tk72 Tk*l)f<tk71) (11)

Using the envelope theorem we obtain that for all z > 2

and thus

Ou(z)  Ou(x) T 0Q(y)
Otp—1 Oty lo=t1.—2 Jr/ , Otr_1 4y

5When calculating the utility of type = (fixed at the initial level of t_5), we are using that when t;_; decreases, then tj_o
decreases as well, so a type x that is equal to the initial value of t;_o still visits seller k — 1.



Formulas (6) and (7) imply that for all z > ¢;_; it holds that

Ou(z)  Ou(x) | ~on-—1 /z (k— 1 n F(y)  F(te-1)
M1 Oy 2 k-1 ), 0 kK k-1 k(k-1)

)" 72 f(th—1)dy.

Then (11) implies that for all > t;_; it holds that

ou(x)
0= Otk =
> e e+ T - S s — ) )
n—1 k=1 Fly) F(tk-1),,_
k(-1 /t“( Eo k-1 k(kk— 11)) *f(tn-1)dy.

Using that (52 + F(%f) - %)”’2 < 1and fti,z(% + % - i&k_*f)))"” < 1land z < a+ 1 implies

together with the above formula that indeed

0> gi‘:ff > —k&ill)f(tkfl)(ﬁ 1).

Lemma 5 If q sellers post the highest reserve price ry, then if any single seller (seller k) of those q deviates
in such a way tp_q decreases below the original value, then it holds that

a+1 ou(x) pf(te—g)k

*
k—q

Proof of Lemma 5:

Proof. Note that
Ou(a+1)  Oula+1)0ty_gi1

Otk—q B Oth—g+1  Otp—gq

(12)

and that since type a + 1 visits the sellers who posted the highest reserve price and that reserve price does
not change when seller k decreases ry, slightly, therefore u(a + 1) changes only because t;_44+1 changes. Let

us show now that %‘TB is uniformly bounded. To see this, let A(x) denote the probability that no other
*—q

buyer with type above x visits seller kK — ¢ + 1, the seller that the highest type, a + 1 visits with positive
probability. Then for all z > ¢,_441

Ay = (2 T8y
Then . -~
wla+1) = ( - + ( k;q-&-l))nfl(a +1—rg_g+1)+ /tk_q+1 A'(z)(a+1—x)dx
and

oula+1) (n—=1) k=1 F(tk—gt1)

Dok (—% 2 )" (trmgi1) (g1 = Theqi1) < pf (trmgi1)-
—-q

Therefore, the last equation and formula (12) imply that

pf (tk—q)k Ou(a+1)
T0l-D = o, " (13)




Let Q(z) denote the probability of winning for a buyer with type z. For & > t;_41 it holds that

1—F(x)

Qa) = (1- —

)n—l_

Using the envelope formula,
a+1
uw) =ule+ )~ [ 0y
x

Therefore, for all > t5_g+1
Ou(xz)  Ou(a+1)
atqu o 8tk,q ’

Using formulas (13) and (14) implies that indeed

a+1 6 a+1 a +1
0> [ @5y o= [ i@
t t

(14)

;;,q 8tk_q Z,q 8tk_q '
. wOula+1) _ du(a+1) pf(tr—q)k
=(1-F(t_ > z - '
( ( k q)) 8tk—q = 8tk—q - (k - Q)(q - 1)

|

Proof for Case 2:

Proof. In Case 2 the main difference is that with positive probability there may be ¢ > 1 sellers who post
the highest reserve prices. The proof below establishes exactly that if there are ¢ > 1 sellers who post the
highest reserve price, then any of those ¢ sellers find it profitable to decrease his reserve price. First, take the
case where ¢ = k, i.e. all the other sellers post reserve price r; as well. As we show it in the online Appendix
in the proof of Theorem 3, seller k£ has an incentive to decrease his reserve price if ry > % But
this threshold is approaching zero and thus if the market is large enough, seller k£ has an incentive to decrease
his price for any positive 7.

Otherwise (if ¢ < k), let 1 <79 < ... <7Tp_go1 < Th—gq < Th—gt+1 = ... = T, < a + 1, and suppose that
seller k decreases ri slightly. In this case Lemma 1 implies that after this change seller k is visited with
probability —-—= by types between t;_, and {x_,41 and with probability + L by types larger than t;_ g+1-
When rj is at the original level (and thus 74_g+1 = ... = 7%), then of course tk_q = tk—g+1, but when ry is
decreased then t_q < tx_q+1. The following useful result (similar to Lemma 1 in content) helps the analysis
below?:

Lemma 6 The cutoff values are differentiable in ry from the left hand side and it holds that % >

0, % >0 and M < 0. Moreover, for all x > ti_q_1 it holds that 6“(1) < 0.

Because of the above Lemma, instead of 7, one can take t;_, as the choice variable of seller k. Take a
buyer with type x that is equal to the original value of ¢;_,_1. For that type it is optimal to visit seller
k — q. Suppose that ¢, goes down and thus t;_4—1 goes down as well by the Lemma 6. Then for type z it
is still optimal to visit seller K — gq. Lemma 5 implies that we can bound the utility effect of such a change

0> /:q f(z )g;;( 3 o _,dz > _(kpf(;;c(qq)k‘l)- (15)

We first provide a uniform convergence result for the case where ¢ is not too small. For all x > t;_,_1
let G(x) denote the probability that seller & sells to a buyer with type less than = or does not sell at all and
let g(z) = % denote the corresponding density function. If & > t5_441, this event happens if and only if
no buyer with type greater than x visits seller k, and thus G(z) = (1 — %(x))". For = € [tk—q, tk—q+1] the
following holds:
1= Pltgin)  Fltogin) — F()

k k—q+1

G(z)=(1— ).

6The proof of this Lemma is very similar to that of Lemma 1 and is thus omitted.



The expected revenue of seller k as the total surplus generated at seller £ minus the total utilities of the
types visiting seller k or

Ry =Wy, — Cj
with
a+1
Wy :/ xg(x)dx
th_g
and

th—q+1 1 a+1 1
Cr = n/ —u(x) f(x)dx + n/ —u(z) f(x)dx,
th—q k—q+1 th—q+1
since types above tj_q41 visit seller k with probability 1/k and types in [tx_g, tg—q+1] visit with probability
k+q+1. It is useful to describe the utility cost in an alternative way using the function u* that describes the
utility of a type conditional on obtaining the object from seller k:

a+1

Ck :/ u*(x)g(x)dz.
tk_q

Note that type t;—q obtains the object from seller & if and only if no other buyer visited seller k£ and thus

his utility conditional on obtaining the object is u*(tx—q) = tk—q — 7. With this formulation (and explicitly

recognizing the cutpoints) one can rewrite the revenue as

B th—qt1 N n 1— F(th—gr1) Flthgi1) = F(2),,_,
Wos [y (- e - S S e
a+1 n o .
[ e wengo- = .

Using the above definitions implies that

ORy, n 1-— F(tk_q) 1 /tk‘”l 89(%) Otk —g+1
= — 1— n tn_ — —uF A S L
atqu k —q 4 1( k' ) f( k q)Tk by (l’ u (:C)) atk7q+1 atqu €z
Otk—g+1 1 1. n [t ou(x) n th—at1 Ou(x)
+———f(tr—ga1 ———)——/ flz dx — / f(x) dx.
Otr_y (br—a+1) (5= g+1 K kJy ., ( >atk,q k—q+1J)y . ( Atr_y
We need to evaluate this derivative at the point where 7, = ry_1 = ... = rp_g41 and thus ¢y = th—g1 =

tr_q> Where tj_  stands for the original cutpoint. Therefore,

IRy, n 1—F(t; )
P — = — 1 _ g/ \n—1 t*
0tk,q |tk7q—tk_q k. —q + 1( k ) f( k—q)rk+
Otk—q+1 * 1 1 on [ Ou(x)
o, hk7¢:%_q.f@k—q+4)(;;:j;;ji — ) ELA; f($)5ﬁ;i;'hqu:t%w da.

Using that ¢ > 1 and %ﬁf < 0 by Lemma 6 and formula (15) yields that

ORy, n 1- F(tz,q) 1 n [ot! Ou(x)
- e < = — n * R — g <
e LA ut k[;qﬂma%ﬂhkr%ﬂdx_
n 1 - F<tz—q) n—1 p/yx pf(t,’;_q)n
I TS R A S AL s TPy
if )
k-gt+l _1_F(tk7q>)n717'_k.
(k—q)(g—1) k p

10



On the other hand if £ > 2

(1— #(z*q))"‘l > (1= =1 =) > (7).

Therefore, it is sufficient to show that
k— 1 1
q—+ < Tk _
(k—q)(q—1)
Let ¢* solve q*—z_l =T and let ¢ > ¢* + 1. Then since k — g > 1 it follows that
k—q+1 2
< <
(k—q)(¢g—1) ~ ¢—-1

and thus for any value of £ > 2 and any reserve prices posted by the other k — ¢ sellers who did not post 7,
if ¢ > ¢* + 1, then seller k£ has an incentive to reduce his reserve price.
Next consider the case where llim q < q¢* < 0. Note, that in this case it is sufficient to show that the
— 00

T

left hand derivative of Ry (when 7y is maximal) is negative for all ¢ < ¢* if k > k(q), because then letting
k = max{k(1),k(2,...,k(¢*)} may serve as a uniform bound, so that convergence is uniform in ¢.” Let H
denote the probability that a given other buyer does not visit seller £k — q. Then

F(ti—q) = Fti-q-1)  F(th—gt1) = Ftp—q) 1 — F(tp—g41)

H=1- - - 1
k—q k—q+1 k (16)

by using Lemma 1. A similar argument as before (8) implies that

F(z) — F(tk—q—l)
k—q

u(z) = H" H(tp—go1 —Thg) + (n — 1) H" 2By |y € [th—q-1,7]] + ...

Similar argument as after equation (8) implies that all the terms except for the first one are higher order in
t;—q—1 when z is close to t;_,_1. Therefore,

Ou(z) dH
et = (= D H™ 2 (b gt — Tig) 17
L A s (17
where 2L - stands for the derivative of H with respect to tx_, taking indirect effects through g1 and

lk—q+1 into account.
Using (17) and Lemma 6 implies that atakH < 0. This implies that
—-q

f(tk—q> f(tk—q 1)((] — 1) 8tk—q 1 f(tk—q—l) 8ﬁk:—q—l
(k—q)(k—q+1) = k’(k’iq+1) 8tk7: + (k—q) Otp—q (18)

Lemma 6 also implies that 62’;#:1 > 0 and thus it follows from the last inequality that

f(te—q) S _f(tquJrl)(q — 1) Oty—g1
E—Qk—qt1) =  klk—q+1) Oty
> Stk o
Fn e -1 = Oy 19)

Also, by Lemma 6 it holds that 0 > % and thus
—q

8751€—q+1 _ f(tk—q)k
02 Sty © Tk -1

"Convergence is uniform in the reserve prices posted by the other sellers just like in Case 1.

(20)

11



8tk q+1

Equation (19) implies that is bounded in absolute value. Formula (18) implies together with Lemma

6 that Fltes) 5
k—q k—q—1
— T
k’*qulif( ql) Oti—q
and thus ot
lim ——2=L — ¢ 21
T 1)
Now, we establish that lim au(m |lz=t._,_,= 0, which is equivalent to (see (17)) lim(n — 1)df£q =0. By
definition
dH oH OH Otg_gi1 OH Otp_q—1
n—1 =(n-1 +(n—-1 — 1 4y (n—1 —
( )dtk_q ( )atk_q ( )8tk_q+4 8tk_q ( )8tk g—1 Oty — q

Using formulas (16), (20), (21) together with ¢ < ¢* implies that indeed lim(n — 1)-%

lim 81 () le=t,,_,_,= 0. The envelope theorem implies that for all 2 > tx_4 1

qu = 0 and thus

u(w) = i) + [ C Q.

th—q—1

where (y) denotes the winning probability of type y. It is straightforward to establish that lim m(y) =0
for all y > t;_4—1, and thus it holds that for all x > t;_,
ou(x)

lim——= =0
im Dtr—y

To complete the proof it is sufficient to show that lim aBtZVk > 0, which can be done following similar
*—q

arguments as in the other cases. m
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Online Appendix

Proof of Lemma 1:

Proof. Proving that any equilibria can be characterized by such cutoff values is a straightforward extension
of the proof for the case of two sellers as covered in Burguet and Sakovics (1999). Now, we turn to proving
uniqueness of those values. For notational simplicity we assume that all the reserve prices are different, but
the proof can be easily extended to the case when some of the reserve prices are equal to each other. We
restrict attention to the case where all k sellers are visited with positive probability by some buyer types,
otherwise seller k (the seller with the highest reserve price) could obviously increase his profits by lowering
his reserve price until he is visited with positive probability.® Fix a utility level for the highest type and
denote it by @ = u(a 4+ 1). The utility of the the highest type is equal to his utility from showing up at
seller k . At that seller only other buyers with types above t;_1 show up and they do it with probability
1/k. With probability F(tx—1)+ %(1 — F(tx—1)) no other buyer shows up, in which case the utility of type
a+11is equal to a4+ 1 — 7. Otherwise, if z is the highest type of another buyer who visited seller k£ then the
utility of type a + 1 is a + 1 — 2. Let B(z) denote the probability that either no other buyer visits seller k&
or all the buyers visiting have types less than z. Then by construction

B(:) = (Flte) + P2 (1= By + Tty
Therefore, it holds that
_ a+1
w=(a+1)— (F(tk—1) + %(1 — F(tg—1)))r — /t B'(2)zdz. (22)

One can easily see that the right hand side of the above equation is increasing in t;_1 and thus for a given
w there is a unique solution for ¢;_,. Take this solution for ¢;_; and note that

ultio1) = (Fltr) + 52 0= F(t) s — ),

since such a type wins the object at seller k if and only if no other buyer has visited seller k. One can also
calculate the utility of type t_1 from visiting seller & — 1, since that type is indifferent between visiting
sellers k — 1 and k. Equating the utilities of type t5_1 from visiting buyer k — 1 and buyer k provides us
with an equation in ¢;_5 and t;_; only. However, t;_; was already pinned down by & and thus now t;_o
can be pinned down as well. An iterative argument pins down the values t; through ¢;_3 as well. Therefore,
to conclude that the cutoff types are unique it is sufficient to show that @ is uniquely determined by the
reserve prices posted.
From (22) and the fact that its right hand side is increasing in t;_1it follows that

Otr—1

75 > 0. (23)

Suppose now that atgﬂ’ 2 < 0 and we arrive at a contradiction. More precisely, let u > T describe two
candidate utility values for the highest type and suppose that ¢,_o < tz_2. Then note that (for a small
difference between T and @) ty_1 > tp_1 > tp_o > Th_2. Let Q(z) and Q(z) be the probability that a buyer
with type z obtains the object when u(a+ 1) = 7w or w. Since by construction tx_1 > tx_1, therefore for all
the types © > t;_; it holds that
~ kE—1 1
Q) = D) = (F(z) + (1 - F(@))" . (24)

Now, for the same reason as before it holds for all z € (tk,1,fk,1) that

) = (F(a) + 21— Fa))™

80ne can establish (using techniques similar to the ones below) that there cannot both be an equilibrium where seller k is
not visited by any buyer type and an equilibrium in which he is visited by some buyer types.
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However, for all € (tg_1,t5_1)

) = (F(@) + 22 (1)~ Fl@) + 20— PEoa),

because the probability that another buyer with type between z and ¢5_1 visits the same seller as type =
(seller k —1) is 1/(k — 1). A simple comparison yields that for all = € (t5—1,tk—1)

Q(z) > Q(z). (25)
The envelope theorem implies that
v (z) = Q(z) (26)
and _
o' (x) = Qz). (27)
Using (24), (26), (27) and (25) imply that
U(tp—1) > u(tp—1). (28)

Now, let us compare the utility of type tx_1 in the two regimes in a more direct way. This type visits seller
k — 1 no matter which utility value we use for the highest type, because tj_1 > tx_1 > tp_o. Also, seller
k — 1 is visited with more buyer types in the regime when the utility of the highest type is T than when the
utility is w. Therefore, type k — 1 faces more competition in the T than in the @ regime with the reserve
price T_1 being the same and thus

ﬂ(tk_l) < u(tk_l).

But this last formula contradicts (28) and thus fk,g > tr_o holds. Extending this argument iteratively we
obtain for all j that

ot
— > 0. 29
5 (29)
The above iterative construction also implies that for all 2 € (ry,a + 1) it holds that
Ou(x)
— > 0. 30
B (30)

Now, take a type y € (r1,t1) that visits seller 1 according to the cutpoints received from our iterative
construct. For such a type it is the case that the higher all the cutpoints are the more likely that seller 1 is
visited by the other buyers and thus his utility is lower. Therefore, (29) implies that

du(y)
o

<0. (31)

But then there cannot be two different initial values @, because that would imply (via (30)) that u(y) is higher
for higher values of @, but (31) would imply the opposite movement which cannot both hold. Therefore, only
a unique value of W exists, which concludes the proof of uniqueness. If 7 is strictly greater than the other
reserve prices, then differentiability of the cutoff types (in rx) directly follows from the implicit function
theorem.

Finally, we prove the comparative statics results for the case where 1, > rp_;. Take two situations
where the first £ — 1 sellers have their reserve prices fixed and seller k considers choosing between 7 and 7.
Variables without tilde refer to variables in the case where seller k posts 7, while variables with tilde refer
to the situations where seller k posts 7. Supposing that 7, > ry, and t_1 > fk,l hold at the same time
we establish a contradiction below. If seller k posts rj, then there are less buyers visiting seller £ and the
reserve price is also lower compared to the situation where seller k£ posts 7. Therefore, it must hold that

u(a+1) > u(a+1). (32)
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Let Q(x) and ﬁ(m) be the probability that a buyer with type x obtains the object when the reserve price is
ry, or 7. The envelope theorem implies that

u'(z) = Q(z) (33)
and _

o' (z) = Q(z). (34)
Since by assumption tp_1 > ti_1 therefore for all the types & > tx_1 it holds that

0e) = G(z) = (F(&) + S0~ F@) ™,

since type « loses if and only if there is a higher type visiting seller k, which occurs with the same probability
in the two cases. Therefore, the last four formulas imply that

’u(tk,1> > ﬂ(tk,l). (35)
Now, for the same reason as before it holds for all z € (Zk,1, tp—1) that

(e) = (Fla) + 20— P

However, for all x € (fk_l,tk_l)

) = (F(@) + T2 (Pl 1) ~ F(a)) + (1= Pt )",

because the probability that another buyer with type between x and ¢;_; visits the same seller as type x

(seller k — 1) is 1/(k —1). A simple comparison yields that Q(z) > €Q(z) and then (33), (34) and (35) imply

w@ro1) > Utp_1)- (36)

Now, suppose that fk,g > tx_o. Then a similar argument as above implies that for all x € (fk,g,?k,l) it
holds that Q(z) > Q(z) and thus @'(x) > u/(z). Then (36) implies that

w(Fes) > UTp_s)- (37)

By construction it is optimal for type tr_o to visit seller k— 1 when seller k posts a reserve price of 7. Also,
since ty_1 > tp_1 > th_o > ti_o it follows that it is optimal for type th_s to visit seller k — 1 when seller k
posts a reserve price of 7. Let us compare U(tk_g) and U(tk_g) directly. Since t,_o > tp_o and tp_1 > tp_1,
it follows that seller k — 1 is visited with a strictly lower probability when k posted r; then when he posted
7, and simple calculations show that it must hold that

u(ty_a) < Ultr_s9),

since the reserve price posted by seller k£ — 1 is unchanged.
But the last inequality contradicts with (37) and thus tx_2 > t~k_2 follows. Similar arguments as before
formula (36) then imply that B _
’u(tk,2) > ﬂ(tk,g).

Proceeding iteratively one can show that for all j it holds that for all j =1,2,...,k — 1
tj > tj (38)

and also that for all =
u(z) > u(x). (39)

9This probability is the same regardless of which seller a buyer with type  visits among his optimal choices.
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However, take a low type y € (7"17?1) who visits seller 1 both when seller & posts r; or when he posts 7. It

is easy to see that if the cutoff values decrease then he is better off, because seller 1 is visited with a lower

probability. Therefore, (38) implies that @(y) > u(y), which contradicts (39) establishing that ag,;? > 0.

The result that 3%;2 > 0 can be established by a similar iterative argument, which we omit. The claim that
u(x) decreases in 7y, for all © > t;_o follows also from the envelope theorem and the iterative construction
employed. m

Proof of Theorem 3:
Proof. Suppose that all other sellers post reserve price r and seller 1 deviates to 7. First, take the case
where 71 > 7. Following Burguet and Sakovics, we can prove that the unique symmetric Bayesian equilibrium
in the buyers’ stage game is such that types less than y visit sellers 2 through k£ with equal probability and
types above y visit all k sellers with equal probability. Type y has the same probability of winning at any
seller, this probability is (1 — %(y)) At seller 1 type y wins if and only if all the other buyers visited other
sellers and his payment is r; conditional on winning. Therefore, the expected payment of type y at seller 1
is (1— 171;;(1’) )r1. If type y visits seller j # 1, then he wins if and only all the other buyers have visited a
seller other than j or those visiting j have types less than y. If no one else visited j, then buyer 7 pays r and
if [ other buyers visited j, then the expected payment is the expected value of the highest type among the [
buyers conditional on they all having types less than y (otherwise buyer ¢ does not win). Let Em® denote
this expected value when [ other buyers visited.

Since his probability of winning is the same whether he visited seller 1 or j # 1, the payment of type y
must be equal at seller 1 and at the other sellers. Therefore,

a- 1 _5(‘”))"‘%1 . 1 —lf(y) B lf(;yi)n_lw (40)
" /n—1 1-=F(y) Fy) o, Fly) 1 -1
+l§<1—1>(1_ ) G et

1— 7(175(7’) — %)"*I(M)l’ll@m(l’l) as an expected value of a

n
Let us rewrite expression ¢ = Z (=)( o

1=2
random variable. Let 7 take value zero when there is no other buyer at seller j # 1, and otherwise let 7
take the highest type among the other buyers who visited j. Let function p(z) be equal to z if z < y and let
p(z) =01if z > y. Then ¢ is the expected value of random variable p(7). Letting ¢ be the density function

of 7, it holds that
a+1 Y
©= / p(2)t(z)dz = / zt(2)dz.

Also, by construction for all z <y it holds that ¢(z) = #=F(1 — + — kf;c(f)l) + %?)”_2]‘(2') and thus

Yp—1 1 F F(z
cp:/a kflz(l_E_ k:(k(y)l) +k£)1)"_2f(z)dz. (41)

Now, we describe the expected revenue of seller 1. The revenue of seller 1 is equal to ry if exactly one
buyer visited him, and zero if no buyer did. If more than two buyers visited him, then the revenue is equal
to the value of the second highest type. Therefore, the expected revenue from having [ > 2 buyers visiting
is equal to Es(), the expected value of the second highest type conditional on all buyers having types above
y (otherwise they would have visited other sellers). With this shorthand notation the expected revenue of

seller 1 is 1 - F(y) (1- 1-F(y)
L k
3 (1) - e, "

A similar reasoning as before formula (41) yields that

i <Z> ( (1 _kF<y))h(1 _ 1 _k}:‘(y))n—hES(h) — (43)
h=2

Ri=n )n71T1+
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B atl 1—F(z)
——/ z(n—1)(1 - 3 ) B

n
k Y

Equations (40), (41), (42) and (43) yield that

n, [oT! —F(z —F(z
R A O

1 Fly) /ynfl 1 Fly) | Fz) o

1-F 1————=)" 1——— " dz}]. 44

L LAl e R e s AR O LD T
Now, let 71 < r. In this case the unique symmetric Bayesian equilibrium in the buyers’ stage game is

such that types less than z visit seller 1 and types above x visit all k sellers with equal probability. For all

z <z let

(1—-Fz)(k-1)

G(z) = 2

+ F(2),
and for all z > z let

(k—1)+ F(2)
—

A similar analysis as above yields that inducing z € [a,a + 1] yields an expected revenue of

G(z) =

Ry = Ry(z) = (45)
/z zn(n —1)G(2)" (1 — G(2)) f(2)dz + /a+1 znin = 1)G(z)":(1 —GR)IE) dz
ol t ;1)1?(:5)) (el 5(@)”711" - /I 2(n—1)f(2)G(2)"*dz].
The first order condition at y = a is %%1 ly=2< 0, which is equivalent to r > % The first

e}

order condition at x = a is 8121 ls=a< 0, which is equivalent to r < (n—1)a

(n—1)+(k-1)2"
. For the local second order conditions

Hence, the first order

condition(s) uniquely pin down the reserve price at r = (nfgjrzkaflp

%, the second derivatives of Ry and ]5;1 are non-positive at y = a

and = = a respectively. The second derivative of R; at y = a is non-positive if af(a) > a*, while that of Ry
at = a is non-positive for all values of a and f(a). ®

The following Corollary provides a sufficient condition for existence of a symmetric pure strategy equi-
librium and states some specific cases in which those conditions hold:

we need that when we let r» = i

Corollary 7 A symmetric pure strategy equilibrium exists if functions Ry and Ry are quasiconcave for all

y € la,a+1] and z € [a,a + 1] whenr:(n_(f;;%-

and n =2 and F is convex, then there exists a symmetric pure strategy equilibrium.

If the necessary conditions stated in Theorem 1 hold

Proof. The first part of the Theorem is a simple consequence of the above analysis. For the n = 2 case a
27 27>
simple substitution yields that 68_;;]_ and &AL are decreasing functions for all y € [a,a + 1] and z € [a,a + 1]

when r = (n%ﬁh and F is convex. Therefore, the local second order conditions at ¥y = a and z = a

are sufficient globally. m

Unfortunately, a simple condition stated on the primitives is not available but we prove that if n = 2 then
it is sufficient if F' is convex, and we conjecture that convexity of F' is sufficient for any n, k. The intuition
of this result can be explained as follows: As Burguet and Sakovics (1999) have already pointed out, the
first order conditions are not sufficient for seller optimization. Indeed, when a = 0 (the case studied in their
paper), the local second order condition fails and a symmetric pure strategy equilibrium does not exist. In
our model with a large enough, this problem does not arise, because with a high enough level of a it holds

that %2;_51 ly=a< 0. In less technical terms, the key is to understand the costs and benefits of increasing y
from a to a + . If seller 1 had two buyers visiting in the situation when y = a and one of them had type
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less than a + €, then by increasing y to a + ¢ seller 1 loses a revenue of a — r approximately. If seller 1 is
visited by only one bidder, whose type is greater than a + €, then seller 1 pockets a gain that is equal to the
increase in the reserve price. Finally, if seller 1 is visited by only one bidder, whose type is less than a + ¢,
then seller 1 loses a revenue of r. Note, that as a increases both r and a — r increase and thus as a goes up
it becomes more costly to turn off potential buyers by increasing 1. On the other hand, when a =7 =0 it
is barely profitable to attract an extra buyer with valuation very close to a and thus increasing the reserve
price is costless.

As the market becomes large it holds that a* — 0, and thus for any (fixed) positive values of a and f(a),
the local second order condition af(a) > a* is satisfied in the limit. Unfortunately, a simple and general global
sufficient condition involving the primitives of the model (a,n, k and function f) is not available. However,
numerical calculations suggest that for a wide range of examples with non-decreasing density functions,
the local conditions identified in Theorem 1 are sufficient. Our conjecture is that for all distributions with
non-decreasing density functions this holds true.!°

10Tt is easy to provide examples with decreasing density function where there is a profitable global deviation and thus a regular
equilibrium does not exist. This is not very surprising, since when f is decreasing the virtual utilities may be non-monotone,
in which case losing visits from higher types may be less costly for a seller than losing visits from types close to a.
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